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Abstract

The contours IA(s) = 0 of the function which satisfies ((1 —s) =
A(s)((s) cross the critical strip on lines which are almost horizontal
and straight, and which cut the critical line alternately at Gram points
and points where ((s) is imaginary. When suitably averaged the real
part of ((s) satisfies a relation which greatly extends a theorem of
Titchmarsh, (namely that the average of ((s) over the Gram points
has the value 2), to the open right hand half plane o > 0.
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1 Introduction

First we set out some standard notation and properties. Let s = o+it and let
D(s) = 1s(s—1)m*/?I(s/2), s0 &(s) = D(s)((s) satisfies £(2+5) = (2 —s9),
a form of the functional equation, and also £(5 + it) is real for ¢ € R.
Write

E(z +it) = =f (eI +it),
where f(t) is real and positive, and then define Z(t) = e"’((1 +it), where
as usual we define

1t tlogm
It) =Slogl [ -+ = | —
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so that Z(t) is real when ¢ is real and its zeros in R correspond to the zeros
of ((s) on o =Rs =1, the critical line.

Define Gram points {% + ign}n>—1 as points on the critical line which sat-
isfy 9(g,) = nm. Then at these points ((s) is real. Gram points are
well known and have been used extensively in the past to count zeros of
Z(t). See, for example, [5, 6, 12]. Now let A(s) = 2(2m)~*T'(s) cos(%’) so
((1—s) = A(s)((s) — another form of the functional equation. By applying
the equation I'(s)['(1 — s) = 7/ sin(ws) it follows that A(s)A(1—s) =1 and
hence that A(s) = ®(1 —s)/P(s).

Now we summarize the content of this paper regarding Gram lines (defined
below) and average values of the real part of ((s) on vertical lines through
them. The origin of the ideas underlying these results was the observation
of the phase portrait of § = A(s). See Figure 1 and the article [3] for
background material on this approach.

The contours SA(s) = 0 of the function cross the critical strip on lines which
are almost horizontal and straight and cut the critical line at (1) the Gram
points (so are called simply “Gram lines”) or (2) the points where ((s) is
imaginary. The contours are shown to satisfy the equations, for n € Z,

t t t 1 (0 —1)? 1 nm
Slog L Ty 2 0T E) Lon(2) =BT
585, T3 8 T st v Vs

They differ from horizontal lines by O(1/t). On these contours RA(s) is
never zero and is strictly monotonic with

RA(s) = (—1)" (%)Pé {1 +0 (%2) } .

This monotonicity is then applied to zeta to show that the modulus of the
derivatives, at simple zeros symmetric with respect to the critical line, is
never the same.

It is then shown that the contours J®(s) = 0 also cut the critical line at
the Gram points but at an angle to the horizontal which is asymptotically
—m/(2logt). They differ from intervals at that slope by O(1/t) and have
equations given implicitly by:



The main result of the paper is then given as a corollary to Theorem 1. A
theorem of Titchmarsh [10], gives 2 as the average of the real part of ¢ (%—l—ign)
ie.
1 :
lim > R +ign) — 21 =0.

1<n<N
When, for fixed values of o, the real part of ((o+ig,) is modified and then
averaged over its values, it satisfies a relation which extends this theorem.

Theorem 1 Let N be a positive integer and let o > 0 be a given positive real
number. Then as N — 00:

Z [%C(U +ign) —1— <g—n> ;U] =0 <Nmax{1_%’%}(log N)max{%”L%Q}) ,

2
1<n<N

uniformly in o > 0.

It follows directly that if 0 < o, then

fm oy 3[R -1 (3) ] =0

1<n<N

The proof of Theorem 1 shows that the values of s in ((s) used for these
averages may be chosen either on the Gram lines through g, or on the corre-
sponding horizontal interval. We have chosen the latter for simplicity. Also
Titchmarsh starts his summations at a variable M rather than 1, but the
two forms are equivalent when M is fixed.

The numerical evidence for this theorem is very strong, with better conver-
gence than that obtained analytically in Theorem 1. See Figure 3. Also, this
numerical evidence indicates that the average result should apply beyond the
critical strip to the left, but we have been unable to prove this.

2 Motivation for this study

Let T and € be positive real numbers and let R := [—¢,1 + €] x [0,T] be a
rectangle. Let N(T') be the number of zeros of ((s) inside R, counted with
multiplicity. Then [4, page 128], if C' is the interval from 1+ e€+iT to %—i—iT



on the boundary of R and it happens that R({(s) > 0 on all of C', then the
complex logarithm log ((s) is uniquely defined along C' and there

,_ ¢(s)
Since, via the principle of the argument,
_ 1) 1y [<6)
N(T) = - —|—1—|—7T\s ; C(s)ds

then, with the given positive property of ((s) on C, this last integral has
avalue in (—1,1) so N(T) is exactly the nearest integer to @ +1.

Now, it is a matter of observation that the real part of ((s) has a strong
tendency to be positive on Gram lines. Although we have not been able to
find a lower bound for the proportion of lines on which this occurs, Theorem
1 and its corollaries provide strong evidence that it is so. Hence the object of
this study: to take steps towards proving that, if ||x|| represents the closest
integer to any real z, then N(g,) = ||%") + 1| for an infinite number of
positive integers n.

3 Contours where A(s) and ®(s) are real

In this section we consider where the multiplier functions which appear in
forms of the functional equation are real. Expressions for these subsets of
the complex plane are developed in a number of lemmas. Figure 2 shows a
few contours where SA(s) = 0.

Lemma 2 (a) The contours SA(s) =0 cut across the critical strip symmet-
rically.

(b) They cut the critical line at the points s = 5 + iy where ((s) is real
(Gram points) or imaginary, with value A(s) = £1. If A(s) =1 then ((s)
is real and if ((s) is a simple zero it is a center. If A(s) = —1 then ((s) is
imaginary and if ((s) is a simple zero it is a node.

(c) If 3(s) # 0 then A(s) # 0.

Proof. (a) Forreal z,t > 0,let P = 14+z+it and P_ = ; —x+it. Because

A(PO)A(P-) =1, if A(Py) is real, so is A(P_). Therefore the contours are

symmetric about o = %



(b) If s =1+ it and SA(s) = 0 then A(s) and A(S) are real. Therefore
NG +zt)A(— —it) = 1 implies A(3 +it)2 = 1 so A3 +it) = £1. If
A(3 +4t) = 1, by the functional equation ((1 — s) = A(s)((s), ¢ (1 +it) =
C(3 —it) =((5+1it) so C( +it) is real. If A(3 —Ht) —1 then ¢(L +it) +
((5 +1t) :C(——zt)+C( “pit) = —((3 +zt)+C( +it) =0 so ((3+it) is
pure imaginary.

If P =1+t is a simple zero of ((s) and A(P) = 1, then differentiating
the functional equation gives —('(P) = ('(P) so ('(P) is imaginary and the
zero is a center. If A(P) = —1, (/(P) would be real, so the zero is a node.
(c) Because I'(s) is never zero and the zeros of cos(mws/2) are on the real

axis, if J(s) # 0 then A(s) # 0.
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Figure 1: Phase portrait for $ = A(s) with —1 <o <2 and 200 < ¢ < 205.

Lemma 3 The contours of SA(s) = 0 differ from intervals parallel to the
real azis through those points by O(1/t). Indeed, the contours satisfy the
equations, for n € 7,



where n s even for lines through Gram points and n is odd for lines through
the points where ((s) is imaginary.

Proof. (Because the manipulation is somewhat lengthy, but the steps easy
to describe, we simply describe those steps taken in obtaining the given
equation.) Expand the equation A(s) = A(S) using the asymptotic Stirling
series approximation for the gamma function

1 1 1 1
log[(s) = (s— 5) logs — s+ 510g27r—|— @—1—0 (t_3> ,

retaining terms of order 1/t. The O(1/t*) error follows by implicit differ-
entiation and the mean value theorem, because the term of order 1/t is
continuous. ad
Note that

t ot ot o7 1 7 1
I(t) = ~log— — = — — 4 — o=
0 =3lsor =55+ I3t " 57608 (t5)

satisfies Z(t) = e”(((4 + it) which is real when t is real. Note also that
the expression in the lemma above gives the correct value for Gram points
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Figure 2: Some contours for FA(s) =0 with 0 <¢ <30 and 0 <o < 1.



Lemma 4 For t sufficiently large, RA(s) is strictly monotonic on the con-
tours SA(s) =0, with

RA(s) = (=1)" (%)_ (1 +0 (é)) .

Proof.  Consider the equation 2RA(s) = A(s) + A(5) where t > 0 is suffi-
ciently large. Expand the trigonometric terms as exponentials and set those
with —t in the exponent to zero. Then use the Stirling series approximation
for logI'(s) to obtain the expression

RA(S) = exp ((a _ ;) log (%) Lo (;)) y
— exp (f(o,)) x cos (20, (1))

say. Then,
af 1 t 1

which is positive for ¢ sufficiently large. On the contours, the argument of the
cosine term is nT+O(1/t) so the cosine term is asymptotically £1 uniformly
in o, giving the strict monotonicity of RA(s). O
Remark: A similar calculation to that used in Lemma 4 leads, for ¢ € C

with Rs # 0, to

SA(s) = (%>_ {1 10 (%) } sin (20, (1)) .

Lemma 5 For z,y > 0 let P, := %—I—x—i—iy, P = %—:p—I—iy. Let ((s) have
a zero of order m at s = P, for some x. Then |[¢™(P_)| > [¢(™(P)].
Hence, if m =1, ('(Py) # (' (P-).

Proof. Differentiating (1 — s) = A(s)((s) m times leads to

(—1)mC(m)(i) = A(PJr)C(m)(PJr)-

Because |A(s)| = (& _%

constant shows that

)7 2[1 4+ O(%)], considering the value of the implied
A(P+)|>1 1ft>10 O

7.|r
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Lemma 6 The difference in the arqguments of ®(s) at Py satisfies the asymp-
totic equation

arg®(P,) —arg®(P_) = ? +0 (5) :

Proof. First note that

1 ' 1 :
arg ®(Py) —arg ®(P-) = Slogl’ (1 + % + %) — SlogT (Z - % + %) :

The result follows by expanding and simplifying this expression in the normal
manner. O

Lemma 7 The contours S®(s) = 0 cut the critical line at the Gram points at
an angle to the horizontal which is asymptotically —m/(2logt). They differ
from intervals at that slope by O(1/t) and have equations given implicitly by

t t wo—-1) 1 (o0—1) 1
‘) tyrom - YT L o(2) =
5T T 1 1w u Y\E)Trm

t
O _
2 % 2n
Proof. Let s = 3+ it. Then, since ®(s) is real, ®(1 +it) = ®(5 — it) =
®(5 + it). Therefore
=1=A(L +).

Therefore by Lemma 2, % + ¢t is a Gram point. The remainder of the

derivation is similar to that of Lemma 3 so is omitted. O

4 Averages

Figure 3 represents averages of (R((o +ig,) : 1 < n < N) for values of
o €40.0,0.1,0.3,0.5,0.6,0.8,1.0}. Modified values are averages of

RC(0 +iga) — (gaf (2m))2 7,

and by Theorem 1 they tend to 1. Using 5120 Gram points resulted in
agreement with the theorem to within 1 in 10* for each of the displayed o
values.

To analytically deal with these averages we need to bound cosine sums.
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Figure 3: Averages for R((s).

Lemma 8 Let 1 < M < N and let n > 2. Then
N

Z cos(g, logn) = O(N% log N)

v=M-+1
where the implied constant is absolute.
Proof.  We begin by following the argument set out in [11, Section 10.6].

Let, for all v € R with v > 0, ¥(t,) = vm, so for integral v, t, = g,, and
define the function ¢ by

t,logn
o(v) = Sy
Then l
/ _logn
¢ (V) - Qﬁ/(ty)’

9



and therefore

19”(15,,)
20/ (t,)3"

Note that, because the negative power of ¢ terms in ¥(t) are continuous,

¢"(v) = —mlogn

It = %tlogt—l—O(t), ﬂ’(t)z%logthO(l),

” 1 2y
V() = 2t+0( ) and t, ooy

—¢"'(v) = 2mlogn | o (i) .

t,log’t, 12
Hence if L := 2mlogn/tylog®ty and M is sufficiently large then, for all v
with M <v < N, —¢"(v) > L > 0.
Now we depart from [11], applying [7, Corollary 8.12] with f = —¢. This
gives directly

Therefore

N
1 1
Z cos(t, logn) = O(t} logty) = O(N2log N).
v=M-+1
Finally note that the implied constant depends only on 1/logn so can be

made absolute, and the proof of the lemma is complete. O
Now we are able to give the proof of Theorem 1 which we restate: Let N

be a positive integer and let o > 0 be a given positive real number. Then as
N — o0:

5 [mrsin 1= () 7] -0 (s tosa),
1<n<N n

uniformly in o > 0.
Proof. (1) First let 3/2 > on > 1, where oy Will be chosen later, and let
o > on. Then, by Lemma 8 and because (g,/27)2 " < 1/logn/n we have

Z [%C(a-l—ign) —1- <g—;)%_0} =

1<n<N

1.1 1
O(Nzlog? N) +Zﬁ Z cos(gn logk) <
=2

1<n<N

1N% log N,

oN —

10



for ¢ > oy, where the implied constant is absolute.

(2) Now let 0 < 0 < oy and consider the approximate functional equation
[11, page 79, Eqn. 4.12.4] in the form

1 1 1
= X o0 o)
1n<y/50 1<nsy/50

where t > 0 and s = o +it. Note that x(s) = 1/A(s), so, using Lemma 4,

c0s(20,(g,)) = 1+0<i),

g2

sin20,(0)) = 0.

9
Rx(g,) = (g—ﬁ) {1 L0 (iz)}cos(zﬁa(gy)), and

v

o) = — (%) {1+ 0 (L) b

v

Now take the real part of the approximate functional equation, and evaluate
both sides with ¢ = g,, corresponding to an even value of n in equation (1)
of Lemma 3, to obtain

1_, 2

RC(o +ig,) = 1+(§—;>2 {1+O<§)}
| 1 G\ 30 ol S|

+ Z cos(g, logn) E—i_(ﬂ) { + (g_,%)} e

_ Z sin(g,,logn)nllg (g_;>200(1)

9v
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Therefore

o) = o i1 (22)F

B cos(g, logn) ( 9y ) 370 cos(g, logn)
- X (5 > =

2<n<y/gu /27 2<n< /g /27

1
; 0<g—/>

where the third term and three error terms have been absorbed into one error
term.
Call the first term on the right f;(v,0) and the second fy(v,0) so

1
>, o) = 3, Ao+ ) fQ(”"’HO( 2 0/2>

M<v<N M<v<N M<v<N M<v<N 9v

= Fi(o)+ F(o)+ O (N'"2(logN)2) .

(3) Consider in this last equation the term Fy(c). Let 7 := max(gas11, 27n?).
Then, by Lemma 8,

N
cos(g, logn)
SO S S
V:MJrlQSnS /gu/Qﬂ'

1
= > > cos(glogn)
na
2<n<+/gn /2 T<gv<gn

= O (gN%UJrE 1oggN> =0 (N'"2(logN)2) .

12



Consider Fy(o) and define t(z) := z/logx. Then, again using Lemma 8,

Z gy 7 cos(gy, logn) = Z gN 7 cos(gy logn)

T<gv<gn TR
1

. (a B _) / Z cos(g, logn)t(x)’t(x)*%*od:c
2 TSHE)SIN <, <t(x)

1 1 §+0’
< N'"7(log N)2t + / Vrlogw - (ng> dx
log x ogx x

< N'"7(log N)2* + 1,

where the implied constant is absolute since o < % Therefore

1 1
Blo) < Y (Nl"’(logN)iJ”’—i—l)
2<n< /N

< N'%(log N)%tz + Ny
©8 logN )

Now define a real valued function gy(z) := N'~% (log N)2 "2 | N3 (log N)~ 2.

On the domain (0,32), g(z) has a unique minimum at

B logN—I—%loglogN
~ log N —loglog N

log N

so if we define ON = W

we get, on the one hand, the upper bound
in (1) above

s Nz (log N)?
Nilog v < Y2log V)7
on — 1 loglog N
On the other hand, evaluating g(oy), and assuming N is sufficiently large
that loglog N/logN < i, we get, after a little manipulation, g(oy) <
Nzlog N. So for o € [1,05] we have

g(0) < g(1) < N3(log N)?,

1

and on (0, 1] we can use the bound g(o) < N'~2(log N)2%2. Therefore

13



Fy(o) < Nm1=5:3} (Jog N)mexd5+3:2),

(5) Combining the estimates from (1), (2), (3) and (4) gives the final result
for 0 < 0. Note that we can absorb the neglected first M terms into the sum
because the exponent of N is positive in the given range. This completes
the proof of Theorem 1.

g
Numerical evidence strongly suggests this result extends to the line o = 0
and beyond to the left. Indeed we conjecture that this is so.

Corollary 9 Let N be a positive integer. Then for all o > 0,

gy 3[Rt rion -1 (5)

1<n<N

=0.

Because we can write for any € > 0 and N sufficiently large:

Y RC(o+ig) =N+ Y (9—”)%_0 + O(Nm -5 )

1<n<N 1<n<N

we get

Corollary 10 For all o with 0 < 0 and € with 0 < € <1 the inequality

> R((o+ig) = (1—€)N

1<n<N

holds for all N sufficiently large.
Corollary 11 For each o with 0 < o < 1 there exist an infinite number of

positive integers n with R (o + ig,) > 0.
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