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2 PERFECT REPDIGITS

1. INTRODUCTION

For a positive integer n we write o(n) for the sum of divisors of n.
The number n is called perfect if o(n) = 2n. It is not known if there
are infinitely many perfect numbers.

For an integer g > 1 a repdigit in base g is a positive integer N all
of whose base ¢ digits are the same. That is, N has the shape
(1.1)

m—1
N:d(g 1), where m>1, and de{l,2,...,9—1}.
g_

In [9], Pollack proved that given g > 1 there are only finitely many
repdigits in base g which are perfect. His proof is effective and uses
results from Diophantine equations which were proved using lower
bounds for linear forms in logarithms. Up until now, no explicit up-
per bound on the largest solution as a function of g has been com-
puted. In [2], perfect repdigits to bases g have been computed for
all ¢ € {2,...,10}. The method of [2] reduces in most cases to us-
ing modular constraints or solving several particular exponential type
Diophantine equations.

In this paper, we present an algorithm to compute all perfect repdig-
its in base g. As an illustration, we extend the computations from |[2]
to all bases g € [2,333]. As a byproduct of our work we also get some
theoretical bounds such as:

Theorem 1.1. (i) The largest perfect number of the form (1.1)
satisfies

3
(1.2) N < g .
(i) The number of perfect repdigits to base g is at most 4g°.

Throughout the paper, we use p, ¢ and r, with or without indices,
for prime numbers.

2. LucAas AND LEHMER SEQUENCES

A Lucas sequence is a sequence of integers {u,},>o satisfying the
initial conditions ug = 0, u; = 1 and the recurrence

Upto = TUpt1 + SUp, for all n >0,

where 7, s are coprime nonzero integers with discriminant A, = r% +
4s # 0. It is further assumed that if « and g are the two roots of the
characteristic equation 2 —rz — s = 0, then /3 is not a root of unity.
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The formula for the general term of the Lucas sequence is

an_ﬁn

a—f

Given n > 0, a primitive prime factor of u,, is defined to be a prime
divisor p of u, such that p does not divide A, and p does not divide
um, for any positive integer m < n. A result of Carmichael (see [3]
and Theorem A in [1]), asserts that if A, > 0 (i.e., the roots o and S
are real), then u,, always has a primitive prime factor for all n > 13.
This result has been extended to the instance of the Lucas sequences
with complex non-real roots by Bilu, Hanrot and Voutier [1]. For such
sequences, u, has a primitive prime factor for all n > 31. Moreover,
there are only finitely many triples (n,a, ) with 5 < n < 30, but
n # 6 such that u, lacks a primitive prime factor for the corresponding
pair of roots («, ), be they real or complex—conjugated, and all such
exceptions are listed in Table 1 in [1]. A primitive prime factor for u,
has the property that p = +1 (mod n). When « and S are rational
integers, the more precise congruence p = 1 (mod n) holds for every
primitive prime factor p of u,,. In this particular case, u,, has a primitive
divisor for all n > 6. In particular, the inequality p > n — 1 holds for
every primitive prime factor p of u,, and the slightly better inequality
p > n + 1 holds when the roots a and  are rational integers.

Closely related to Lucas sequences are the so-called Lehmer sequences.
To define a Lehmer sequence, assume again that r and s are coprime
nonzero integers with » > 0 and A, :=r +4s # 0 and let « and g be
the two roots of the characteristic equation 22 — \/rr — s = 0. Assume
again that o/ is not a root of unity. Put

Up, for n=0,1,....

a—Bm

a?_p2 >

B O‘Z:gn, if n=1 (mod 2),
Un = if n=0 (mod 2).

The sequence {vy,},>0 is called a Lehmer sequence and consists of in-
tegers. Like in the case of Lucas sequences, a primitive prime factor of
v, is a prime factor p of v, dividing neither A, nor any v,, for positive
integers m < n. Then v, has a primitive divisor when A, > 0 for all
n > 13 (see [1, Table 2] and [12]).

We conclude this section by presenting three examples of Lucas and
Lehmer sequences which are important in the development of the re-
sults which follow.

Example 1. If r =g+ 1 and s = —g, then

??—rr—s=2"—(g+Dax+g=(v—g)(z—1).
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In this case, we can take o := g and § := 1 and so
g1
=
In particular, the sequence of repunits in base g (repdigits whose re-
peating digit is 1) is a Lucas sequence whose roots o and /3 are rational

integers. Hence, u,, is a multiple of a prime p > n + 1 for all n > 7.
Finally given a prime p, then p | u,, for some n > 1 if and only if p 1 g.

forall n>0.

Unp

Example 2. Let D > 1 be a positive integer which is not a square
and let (X3,Y7) be the minimal positive integer solution of the Pell
equation
(2.1) X? - DY? = 41.

By this we mean (X;,Y7) is the smallest pair of positive integers such
that X7 — DY}* = ¢ holds with some € € {+1}. This always exists since
there always exists a solution in positive integers of equation (2.1) for
which ¢ = 1. If a solution with ¢ = —1 exists, then the minimal one,
namely (X7,Y)), has corresponding ¢ = —1 and the smallest solution
with € = 1 in this case is (2X? + 1,2X;Y}). From the theory of the
Pell equations, we know that equation (2.1) always has infinitely many

positive integer solutions (X,Y). Moreover, all solutions are of the
form (X,,Y,), where

X, + VDY, = (X, +VDY;)"  forall n>1.

Putting o := X; +v/DY; and S := X, — v DY}, conjugating the above
relation (i.e., replacing v/D by —v/D) and solving for X,, and Y, we
get, in particular, that
y,= =y, (—O‘n_ﬁn) .
2vD a—p

So, if we put w, = Y,,/Y; for all n > 1 and wy := 0, then {u,}n>0
forms a Lucas sequence. Furthermore,
R e

2 2 —p") 2u,
Hence, by Carmichael’s result, we get that X,, has a prime factor p >
2n—1for all n > 7.

Example 3. Let A > 1 and B > 1 be integers neither of which is a
perfect square. Consider the Diophantine equation

(2.2) AX? - BY? = 41,

Since the roles of A and B in equation (2.2) are interchangeable, we
may assume that the sign on the right is +1. It is then known that

X, = forall n>1.
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if equation (2.2) has a positive integer solution, then it has infinitely
many positive integer solutions. Furthermore, letting (X;,Y;) be the
minimal such positive integer solution, all its positive solutions are of
the form (X,,,Y,,) for some odd integer m > 1, where

VAX,, + VBY,, = (VAX, + VBY;)"

(see [11]). Putting a := VAX, + VBY; and § := VAX, — VBYj,
we have that r = a + 8 = 2V/AX, = \/4AX? and s = —aff = —1.

Furthermore,

_am_ﬁm_ am_ﬁm
v= v (2

Therefore if we put v, := Y,,,/Y; for odd m > 1, then {v;,}m>1 oaa is
the odd indexed subsequence of the Lehmer sequence of roots o and S.
In particular, Y,, is divisible by a prime p > m — 1 for all odd m > 13.
Furthermore,

> for all odd m > 1.

X :&m+ﬁm: 1Oém—(—ﬂ)m
AV a—(=p)
Thus, if we put w,, := X,,/X; for odd m > 1, then {wy,}m>1 oda is

also the odd indexed subsequence of the Lehmer sequence with roots
o and —f. (Note that o + (—3) = 2v/BY; = \/4BY}?, so we may take
r = 4BY}? and s = —a(—f) = 1.) Thus, X,, is divisible by a prime
p > m — 1 for all odd m > 13 as well.

3. THE CASE OF THE EVEN PERFECT REPDIGITS

A well-known result of Euclid and Euler says that an even perfect
number is necessarily of the form 2P~1(2P — 1), where 2P — 1 is prime.
Thus, to find even perfect repdigits we need to solve the equation
(3.1)
m_1

N=d (g N ) = 2P71(2P—1), where d € {1,...,g—1},and 2°—1is prime.
g —

The following proposition is known having appeared as [9, Lemma 7|

and extends [2, Lemma 5|, but we include it for the convenience of the
reader.

Proposition 3.1. All solutions N of equation (3.1) have either m =1
so g > N s arbitrary and d = N, or m = 2, in which case d = 2%,
g+1=2°2P —1) for some nonnegative integers a and b. Furthermore,
in this last case we have a +b=p—1 and N = 2% + 2%g.



6 PERFECT REPDIGITS

Proof. Let N be an even perfect repdigit in base g. The case m = 1
needs no proof. When m = 2, we get N = d(g +1) = 2°71(2F — 1)
and 2P — 1 is prime. Since 2P —1 > 2P~! and ¢ + 1 > d, it must be
the case that 2P — 1 divides g + 1. So, d is a divisor of 2P~1, therefore
d = 2¢ for some a € {1,...,p— 1}, which yields g+ 1 = 2°(2P — 1) with
b=p—1-—a.

Let us now show that the case m > 3 is not possible. It is clear that
2P — 1 must divide (¢™ —1)/(g — 1), for otherwise it will divide d, and
then

9" —1
g—1

1/2
g>d22p—1>\/ﬁz< ) =gl 1> g2 > g
which is impossible. Thus, (¢™ — 1)/(g — 1) = 2°(2P — 1) for some
nonnegative integer b. If m is odd or m is even but ¢ is even, then
(g™ —1)/(g — 1) is odd, therefore b = 0. Hence, d = 2°~! < g, and so

m—1
9 - —gm Tl > gl > g s 92
g_

which is false for all p > 2. Thus, g must be odd and m must be even.
Put m = 2m,. We then get

R

2my

g™ =1 g™ -1
(2P —1)=F— = (g™ +1 :
@-n= e (L)

On the right, the first factor is larger then the second factor and on the
left, 2 —1 > 2% and 2P — 1 is prime. Hence, 2P — 1 must divide g™ +1,
and we get that ¢™ + 1 = 22 — 1) and (¢"™ — 1)/(¢g — 1) = 2¢
for some positive integers ¢ and e. (Indeed, ¢ > 0 because ¢ is odd
and e > 0 because m; = m/2 > 1.) Since (¢™ —1)/(g — 1) is even
and ¢ is odd, we get that m; is even. Hence, m; = 2msy, and so
2020 — 1) = g™ +1=¢*"2 +1=2 (mod 8). We next get easily that
¢ = 1, then that 2 — 1 = 1 (mod 4), but this is false for any prime
p =2

This finishes the proof of the proposition. O

4. THE CASE OF THE ODD PERFECT NUMBERS WITH SMALL
EULERIAN PRIME p

While it is not known whether odd perfect numbers exist, it is known
that every such number is of the form pl], where p is the Eulerian
prime and we use [J for a perfect integer square. More is known, for
example that p =1 (mod 4). So, following for example Pollack [9], let
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us consider the Diophantine equation
(4.1)

m_ ]
d(g 1):pD, where de{l,...,9—1}, and p is prime.
g_

Equation (4.1) implies that
g" -1

(4.2) o

= Cd,pDa

where ¢, is some squarefree integer which can easily be determined in
terms of p and d. To determine it, write d = d,d3 where d; is squarefree.
Then cqp = pdy if pfdy and cqp = di/pif p | dy.

We now distinguish several cases. Here, we say that the Eulerian
prime p is small if p < g. In the next section, we consider the case
p > g. First we give a derivation for a bound for the minimal solution
to a Pell equation which was stated in [7, Lemma 1], which is sufficient
for our purposes.

Lemma 4.1. Let d > 1 not be square. Then the minimal positive
integer solution (Xo,Yy) to the Pell equation X* — dY? = 1, satisfies

Xo + VY, < d3V4,

Proof. Put 1 := Xy + v/dY,. Assume first that d = 0, 1 (mod 4). By
Schur’s theorem [4, Theorem 13.5, Page 329], if (U, V) := (U, Vo) is
the smallest positive integer solution of the equation U? — dV? = 4
(which always exists [5, Theorem 1.3]), then putting

. Do+ vl
5 )
we have ¢ < dV?. Let’s see how we deduce from this our desired
conclusion.
We distinguish three cases.
Case 1. Vjiseven. Thensois Uy. So putting (X,Y) := (Uy/2, Vo/2),
we have X2 —dY2 =1,s0n < X +VdY = ¢ < d¥4, which is better

than what we are after.
Case 2. Vj is odd and Uy is even. Then 4 | d. Further,

2 4 dVg 2
52:<—UO+ V0>+\/E< UZVO> = X +Vdy.

4

Clearly, X, Y are integers and X2 — dY?2 = 1. Thus, n < 2 < d*V? in
this case.
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Case 3. V| is odd and Uj is odd. Then d =5 (mod 8). Further,

2 2 2 2
- (UO(UO ‘;‘36”/())) +\/E<V0(3U08"‘ d%)) . X+\/EY,

where X, Y are positive integers with X? — dY? = 1. Thus, n <
X +VdY =3 < 34, which is what we wanted.

Assume next that d = 2,3 (mod 4), and let again (U, V) be the
minimal positive integer solution to the equation U? — dV? = 4. Then
V must be even, for if V' is odd, then so is U, and reducing the above
equation modulo 4 we would get d = 1 (mod 4), which is not the case
we are considering. Thus, (S,T) := (U, Vo/2) is a positive integer
solution to S? — (4d)T? = 4. Moreover, for every positive integer
solution (S,7') to the above equation, the pair (U,V) := (5,27 is a
positive integer solution to the equation U?—dV? = 4. Thus, by Schur’s
theorem applied to 4d, a number which is congruent to 0 modulo 4, we
get that

- %(Uo +VAA(Ve/2)) < (4d)V = (40)2V4.

Note that since (X,Y) = (Uy/2,Vp/2) is a pair of positive integers
satisfying X2 — dY? = 1, we have that n < ¢ < (4d)2\/‘7. Since the
inequality (4d)2V4 < d3V4 holds for all d > 16, it remains to study the
cases when d is in the set {2,3,6,7,10,11,14,15}. For each of these
instances, a direct check shows that n < 43V, O

From now on, we assume that g > 2, because if ¢ = 2, then d = 1
and N = 2™ — 1 for some m > 2, but all such numbers are congruent
to 3 modulo 4, so they cannot be odd perfect numbers.

Proposition 4.2. If the Eulerian prime p satisfies p < g, then every
solution of equation (4.1) satisfies m < max{144¢* 12¢°}.

Proof. Note first that the case p = g never occurs since if p = g, then p
cannot divide d (since d < g = p) and p is coprime to (¢"—1)/(g—1) =
l+g+-+g"'=1+p+---+p™ ! So, we assume that p < g.

Assume now that d and p are fixed and consider equation (4.1) as
an equation in the variable m. Rewrite equation (4.2) as

(4.3) 9" = (9= Degp0d =1.
When m is even, the above equation has the form
(4.4) X? - DY?*=1,

where D := (g — 1)cq,, and X := g™/2. We may assume that D is
not a perfect square, otherwise the above equation has no nontrivial
solution. Hence, we are in the case of a Pell equation as in Example
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2 of Section 2. Using the notations from that example, we have that
X, = ¢™?2. Hence, X,, has no prime factor exceeding g. Thus, by
primitive divisors (see the remark at the end of Example 2 in Section
2), we have that n < max{6, (¢ +1)/2}. Let

a:= X, +VDY;.

By Lemma 4.1, @ < D3P . Since D divides (9 — 1)dp, we get that
D < g(g —1)% Then

gm/2 _ Xn <a < DSn\/ﬁ < <93)3nw/g(971)2 < an(gfl)glm

giving m < 18(g — 1)g*/?n. Since n < max{6, (g + 1)/2}, we get that
m < max{108¢%/2 9¢°/2}.

The same holds when m is odd and g is a perfect square. So, assume
next that m is odd and ¢ is not a square. Then equation (4.3) can be
written as

(4.5) AX? - BY? =1,

where A 1= g, B := (g — 1)cq,, and X = g™=Y/2. Now B is not a
square, since in that case the equation would read ¢™ — 1 = [, which
is impossible by known results on Catalan’s equation. So, we are in
the case of Example 3 from Section 2. Thus, if X,, = ¢ Y/2, then
n < max{12,¢ + 1}. It is well-known that if

(4.6) n:=X\VA+YVB,

then n*> = Uy + VABV; is such that (U, V}) is the minimal positive
integer solution (U, V') of the Pell equation U2—DV? = 1 with D := AB
(see [11]). In particular,
n? < D3VD.
Note that D = g(g — 1)cap < g*(g — 1)?. Thus,
gmD/2 = X < g < DEDAVD _ (g4)Gr/V P o gbng(9-1),

leading to m — 1 < 12ng(g —1). Since n < max{12,g+ 1}, we get that
m < max{144¢?,12¢3}, which completes the proof of this proposition.
O

Remark 1. While the bound of Proposition 4.2 has the theoretical
merit of being explicit in g, it is quite likely not very useful in practice
although we shall later invoke it for the proof of Theorem 1.1. However,
its method of proof should be quite useful. Namely, for each d and p,
compute cg, and generate the minimal solutions of the two Pell like
equations implied by (4.3), namely of equation (4.4) when either m
is even or ¢ is a perfect square, or of equation (4.5) when g is not a



10 PERFECT REPDIGITS

square and m is odd (this last one might not have any solutions, but
testing for the existence of a solution amounts to computing again the
minimal solution of a Pell equation as explained after the definition of
nin (4.6)). Then one can evaluate X, for all n < max{6, (g+1)/2} (or
n < max{12, g+ 1}, respectively), and test for which of these values of
n is X,, a power of g. This algorithm will detect all potential candidates
for m such that N = du,, is odd, perfect and the Eulerian prime p is
small.

5. THE CASE OF ODD PERFECT REPDIGITS WITH LARGE EULERIAN
PRIME p

From now on, the Eulerian prime p is assumed to satisfy p > ¢g and
du,, is odd, where u,, := (¢™ —1)/(g — 1). Hence, ¢4 := c4,/p does
not depend on p because d is smaller than g, thus smaller than p, so in
particular it is coprime to p. We distinguish and then treat three cases
which are in increasing order of complexity.

5.1. The case when m is even. Here, we have the following result.

Proposition 5.1. If the Fulerian prime p satisfies p > g and m is
even, then m < max{216¢%2, 18¢°/}.

Proof. Writing m = 2m,, we get

g" -1 g™ —1
= = ™4+ 1).
Cap g1 (g—1)<g +1)

The two factors on the right are coprime because their greatest common

divisor divides (¢™ +1) — (¢™ — 1) = 2 and they are both odd. Thus,

there exists some divisor A4 of ¢4 such either

g™ —1
g—1

If the first instance occurs, then we are in case similar to the one treated

when p was small. Namely, the equation on the left is

g™ —(g— DA\ =1,

which is of the form X? — DY? = 1 with X = ¢™/2 and D =
(g —1Ag < (9 —1)* if my is even or g = O, or of the form AX? —
BY? = 1 with A == g, X = ¢gm=Y/2 and B := (g — 1))y, s0
D = AB = g(g — 1)X\¢ < g(g — 1)? provided that m; is odd and
g # . Using the same methods as in the proof of Proposition 4.2
yields that m < max{144g,12¢*} in case m; is even or g = [, and
m < max{216¢%/2,18¢°/?} in case m; is odd and g # O, which leads
easily to the desired conclusion.

(5.1)

= /\dD, or gm1 +1= )\dD
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The case of the second equation in (5.1) is similar. Namely, rewriting
it as g™ — M\g0 = —1, we recognize that it is either of the form X? —
DY? = —1, with X := ¢™/2, D = \; < g—1, provided that m; is even
or g = [, or of the form AX?—BY? = —1 with A := g, X := g(m~1/2
and B := Ay, so D = AB = g\y < g(g — 1) provided that m; is odd
and g # . Note that in this last case we may assume that B = \;
is not a square, for if it were, then we would be in the situation when
g™ —[O = —1, which gives either m; = 1 (so, m = 2, which satisfies the
conclusion of the proposition), or leads to a nontrivial solution of the
Catalan equation, and the only possibility is 2% — 32 = —1, so m; = 3
and g = 2, which for us it is not convenient because g > 2. Again using
the method of Proposition 4.2 yields that m < max{72¢'/2,12¢%?} in
case my is even or ¢ = [J, and m < max{144g, 24¢*} in case m, is odd
and g # [J. The proposition now follows. O

Remark 2. Similar considerations as in Remark 1 regarding com-
puting all possible values for m apply to this case also. For precise
details consult the code described in Section 7, “The Computations”
below.

5.2. The case when d = [J. From now on, m is odd. Since d = [J,
we have that c¢; = 1. Here, we prove the following result.

Proposition 5.2. If d = O, then either m = q is a prime, or m = ¢>,
where q is a prime dividing g — 1.

Proof. Assume that m is not a prime and let ¢ be its minimal prime
factor. Observe that ¢ is odd. Then

(5.2) po=1 (2 J ,
g—1 gma—1 g—1

where as before p is the Eulerian prime. A classical argument shows
that the two factors on the right are either coprime, or their great-
est common divisor is exactly ¢, and this holds only when ¢ | g — 1.
Furthermore, in this case ¢ exactly divides the first factor. Let us go
through this argument. Say P is a common prime factor of the two fac-
tors appearing in the right-hand side of (5.2). Put a := g™/%. Then P
divides a —1 = ¢™/9—1 and also (a?—1)/(a—1) = (g™ —1) /(g™ —1).
Since

a?—1

: =l+a+---+a”'=¢q (moda-1),
a_

we get that P divides ¢; hence, P = ¢q. Next, ¢ divides ¢"™/¢ — 1 and
by Fermat’s Little Theorem, ¢ also divides ¢! — 1. By a well-known
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property of the Lucas sequences, ¢ divides
gcd(gm/q _ qu—l _ 1) _ ggcd(m/%q—l) -1,

and, since ¢ is the smallest prime factor of m, we have ged(m/q,q—1) =
1. Hence, ¢ divides g — 1. Finally, to see that in this last case ¢ appears
with exponent 1 in the factorization of the first factor, write a —1 = qu.
Then
m
gi@/q__11 - C;q__11 =l+at - +a =1+ (1+qu)+- -+ (1+qu)".
In the right-hand side above, we use the Newton binomial formula for
each of the summands and reduce the result modulo ¢? getting
g —1
gm/ q—1

= q+q0+1+---4+¢g—1) (mod ¢*)

= ¢+q’v(g—1)/2 (mod¢®)=q (modg”),

where the last congruence above follows because ¢ is odd, as a factor
of the odd number m, so (¢—1)/2 is an integer. The above congruence
shows that ¢ exactly divides the first factor, as claimed above.

Returning to (5.2), if the two factors on the right are coprime, it then
follows that either the first factor or the second factor is a square. By
a classical result of Ljunggren [6], the only positive integer solutions of
the equation

n—1
L =9?, with x>1 and n >3

z—1
are (z,n,y) = (7,4,20) and (3,5,11). Since our exponent m is odd, it
follows that either m/q = 1, which is what we want to prove, or g = 3
and m/q = 5. The second possibility leads to m = 5¢q, so m € {15,25}.
However, neither of the numbers (3> — 1)/2 or (3% — 1)/2 is of the
form plJ. Thus, this possibility cannot occur, and so m = ¢ is a prime.

Let us now look at the case when the greatest common divisor of
the two factors on the right-hand side of (5.2) is precisely ¢. Since
q < g < p, ¢ must appear with even exponent in (¢™ —1)/(g — 1), and
since it appears with exponent 1 in the first factor in the right-hand
side of (5.2), it follows that ¢ must also divide the second factor. It
then follows easily that ¢ | m/q. Hence, ¢* | m. Now rewrite equation
(5.2) as

m_ 1 m_ 1 m/q2_1
(5.3) pa =17 = (L J .
g—1 gm/e —1 g—1

By an argument similar to the one used at the beginning of the proof
of this proposition, the greatest common divisor of the two factors
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appearing on the right—hand side of (5.3) above is a power of ¢. It is
easy to see that the exponent of ¢ in (" —1)/(¢™/¢" — 1) is exactly 2.
Since the exponent of ¢ in (¢ —1)/(g — 1) is even, it follows that the
exponent of ¢ in (g™ - 1)/(g—1) is also even. These arguments show
that either (g™ — 1)/(g"™/7 — 1) is a square, or (™% —1)/(g — 1) is
a square. Assuming that m > ¢?, the only possibility, via Ljunggren’s
result, is ¢ = 3 and m/q*> = 5, therefore m = 5¢°>. However, ¢ must
divide g — 1 = 2, and this is false since m must be odd. The conclusion
is that m = ¢ must hold in this case and of course ¢ divides g — 1,
which is what we wanted to prove. U

We next give a bound on m.
Proposition 5.3. If d = 0, then m < max{g? 8¢glog(4g)}.

Proof. We apply Proposition 5.2. If m = ¢* for some prime ¢ | g — 1,
then obviously m < ¢?. Assume next that m = ¢ is prime. We may
also assume that ¢ > g.

In particular, ¢ does not divide g — 1. Let

k
a1
N=d (%) = dJ]Q = am,
=1

where )1 < - -+ < Q) are primes. It is clear that if ) is a prime dividing
M, then g? =1 (mod @), therefore either ¢ | @ — 1, or Q | g — 1. The
second possibility implies that ¢ = @), so ¢ divides g — 1, which is not
allowed. Hence, @; =1 (mod q) for all i = 1,..., k. Therefore

991

7> =M > (2¢+1)*
g'>" > (29 +1)",
SO
qlogyg
5.4 __ 489
(5.4) log(2q + 1)

Observe next that d and M are coprime. Indeed, for if not, then d
will be divisible with some prime () so d > ) > 2q + 1 > 2d, which is
impossible.
Hence,
o(N)=o(d)o(M).
Since d is a proper divisor of the perfect number N, we have that
o(d) < 2d, so therefore o(d) < 2d — 1. We get that

202 (22) ()« () (5)
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SO
o(M) _ 2d ! !
> 1 1+ =
M —2d—1  aa—1- Ty

Since o(M)/M < M/¢p(M), we get that

1 M 1
v <aon (g m1)

Taking logarithms and using the fact that the inequality

r/2 <log(l+z) < is valid for all z € (0,1),
together with (5.4) and the fact that ¢ > g, we get that

1
~ < log (1
g = Og( ) ZOg(*Qz—l) Z@—l
k
1 g1 1 dt 1
Bl N 1 Y= 21 10gk
= 2q,lz<2q(+/1 t) 2q(+0g)

1=

1 qlogg )) 1
< —(1+4log| ———) ) < —log(e
2q ( ¢ (10g(2q +1) 2q &(ed)
(here, we used the fact that since ¢ > g, we have log(2¢ + 1) > log g),
which implies
(5.5) q < 2glog(eq) < 4glogg,

where the last inequality on the right above follows because ¢ > 3 > e.
Since the function z — x/logz is increasing for x > e, one proves
easily that

if L

< A, then x < 2Alog A whenever A>3
log x

Applying this to our inequality (5.5), which can be rewritten as ¢/ log ¢ <

4g with z := q and A := 4g, we get that ¢ < 8¢glog(4g), which is what

we wanted to prove. O

5.3. The case when m is odd and d # [.

5.3.1. Preliminary results. Throughout this section, instead of c¢; we
write ¢ and we study the equation

(5.6) U, = cpld,

where {u, }n>0 is the Lucas sequence of general term u,, = (¢"—1)/(g—
1) for all n > 0 of Example 1 of Section 2, ¢ € {2,...,g—1} is squarefree
and p > ¢ is a prime. Later on, we shall also use the fact that du,,
is perfect for some d < g — 1 such that dc = [J. Observe that we can
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assume g > 4, since if ¢ = 3, then we are either in the d = 1 case which
is treated in Section 5.2, or in the d = 2 case in which N is even, and
this is treated in Section 3.

For a positive integer k let z(k) be the minimal positive integer ¢
such that &k | ue. It is known that if ¢ is a prime dividing g — 1, then
z(q%) = ¢“.

If ¢ is a prime not dividing g — 1, then z(q) | ¢ — 1. (We exclude the
case ¢ | g since then z(q) = 0o.) Moreover, if

uxg =g [

rluz(q)

r#q

then for all a > 1, z(¢%) = g™>{0a—eatz(q), so gmaxila=eat||z(g2).

Then for all k, if k =], ¢*, then z(k) = lem[2(¢*) : ¢ | £].

The above conditions can be reformulated as follows. For any prime
p and any nonzero integer m let v,(m) be the exact exponent at which
p appears in the factorization of m. If p is a prime not dividing g — 1
and z(p) t m then v,(u,,) = 0. If 2(p) | m then

Vp(tm) = Vp (Usp)) + Uy <ﬂ> :

z(p)
If p is any odd prime with p | g — 1, then v,(u,,) = v,(m).
We next define for a squarefree number k£ > 1 another parameter
Z (k) which closely related to z(k) as follows. Write

Us(k) = HPEP H g’ H ror.

plk qtk UL k)
alg=1  rik(g—1)

Then put
zw==00 [ » I o
plk atk
ep=0 (mod 2) qlg—1
f=1 (mod 2)

The following result now follows from the preceding remarks.

Proposition 5.4. Suppose that k is squarefree and that for somem > 1

we have
Um = Hpap H qu H Tcra

plk qtk Tum
qlg—1 rtk(g—1)

where a, is odd for all p | k and b, is even for all g k with q | (9 —1).
Then

(i) Z(k) | m;
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(i) if m = Z(k) [Ty p™ 11 qu(|m1) q%, then ay, is even for all
qIr(g—
primes p | k(g —1).

Proof. Since a, is odd, it follows that a, > 1, therefore k divides w,,.
Thus, z(k) divides m. Therefore, since u () | Uy, we have a, > e,. If
ep is even, then since a, is odd, it follows that a, > e, + 1, and e, > 1
since k | u,(k). Thus, for such p, we must have z(p™) = pz(p) | m.

Next, again because z(k) | m, we also have b, > f,. But ¢ | g — 1
so z(¢1) = ¢'*||us), and it follows that ¢/¢|z(k). Similarly, ¢*||m.
Consequently, if f; is odd, then b, > f, + 1, because b, is even, so, in
fact, g/a™! | m. Hence, m is a multiple of

A:=lemla:a € A,
where A is the following set of numbers
A = {z(k)}U{pz(p) :p |k and e, =0 (mod 2)}
U {¢"" gtk gl (g—1)and fy=1 (mod 2)}.

However, it is easy to see that the above least common multiple is
precisely Z(k). This proves (i). Part (ii) is also immediate. O

We have the following corollary.

Corollary 5.5. If m gives a solution to equation u,, = cpld with a
prime p > g and a squarefree integer ¢ with 1 < ¢ < g — 1, then m s
a multiple of Z(c). Furthermore, the exponents of the primes dividing
c(g — 1) appear in the factorization of m/Z(c) at an even exponent.

This suggests to do the following. Given an odd squarefree k > 1,
let M}, denote the set of odd positive integers m such that the relation
(5.7)

Uy, = kO, holds with some p*(kd,,) =1 and ged(6m,9—1) = 1.

Here, we use the Mdbius function p(n) with its standard meaning,
namely that it is 0 if n is not squarefree, and that it is (—1)“, where
w(n) is the number of distinct prime factors of n, in case n is squarefree.
From what we have said above, we have that Z(k) divides m for all
m € Mj. Furthermore, if m; divides my and are both in M, then all
prime factors dividing k(g — 1) appear at even exponents in msy/m;.
So, it makes sense to study what happens with é,,, and d,,, in the
extremal case when msy/m; is either a prime not dividing g — 1, or a
square of prime dividing k(g — 1).

We have the following proposition, which can be thought of as a
generalization of Proposition 5.2.
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Proposition 5.6. Let k > 1 be odd and squarefree and let my, moy be
odd positive integers. Assume that

Uy = kdpm, T, and Uy = kOpm, U,
where

N2<k5m1) = ,uz(k(st) = ng((Sml’g - 1) = ng((st,g - 1) =1,

and my = mqt, with t being either a prime not dividing k(g —1), or the
square of a prime diwviding k(g —1). Then w(0m,) > w(dm,). The above
inequality is always strict except possibly when t is a prime factor of
Om,y -

Proof. To begin write m = pips - - ps, with 3 < p; < py <--- < p, and

. U, Unn /(1o
o () (). (et
Um/py Um/(p1p2) Um/(p1--ps)

The main observation here is that gecd(N,,;, Npj) = 1 for all 1 <i <
J < s except when p; = --- = p; := ¢ is a prime factor of g — 1. In
this last case, q|| Ny, for all £ =i, 4 1,...,7. Indeed, assume that
q | gcd(Npi, Nim,j). Then q | m/(py.p;_1) | Um/(pi--p) (because i < j)
and also ¢ | Npi = um/(pl"'pifl)/um/(l’l"'pi) (here, po :=1). Hence,

Um/(pr-pi—1) )

q | ged (UM/(pr“pi)v U )

It is well-known and easy to see that this is possible only when ¢ =
p;. Now ¢ | gm/(pr"qu) —1 = gPPs — 1, and q | g ' — 1, s0 q |
g&d®i=1p;ps) _ 1 Since p; — 1 and pj - - - s are coprime, we get that
q| g—1. Since q | Unm/pp;_y/Um/@p--p;) and q | g — 1, it follows
that ¢ = p;. Hence, ¢ = p; = --- = p;, which is what we claimed. The
remaining assertion that q|| Ny, for £ =4,i41,...,j is also clear. (This
argument has appeared before in many places such as in the proof of
Lemma 3 in [8], for example.)
Now write

Nm,i = Am,iBm,iD; for 1= 1, Lo, S,

where p12( A, ;Bm,i) = 1, all prime factors of B, ; divide g—1, and A,,;
is coprime to g — 1. Since for any odd prime p and any positive integer
[, p| g — 1 implies that the exponents of p in the factorizations of
and w; are the same, it follows easily that B,,; = p; or 1 according to
whether p; divides g — 1 or not. Furthermore, by the observation made
above, any two of the positive integers A,, 1, ..., A,, s are coprime.
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Assume now that m € My; ie., u,, = ko, with p?(ké,,) =
ged(0m, g — 1) = 1. Then, since k = ged(k,g — 1) - (k/ ged(k, g — 1)),
we have

S S k:
By = ged(k, g—1)0, d Api=—" 4,0
e I | G Gy

(the right-most O above is in fact equal to 1). Assume next that
m := my and that mo := myt is also in M. Assume also that t = ¢ is
a prime with ¢{ g — 1.
We look at
Uy = ng,l T Nmz,s—l—l
and compare this factorization with the corresponding one
Um, = le,l T le,s

for w,,,. We let iy be the minimal index in {0, 1,..., s} for which the
inequality p; < ¢ < p;+1 holds, where py := 1 and pgy;1 := 0o0. Observe
that i¢ is the only index ¢ such that the inequality p; < ¢ < p;+1 holds
in case ¢ t my, whereas iy is the minimal index 4 for which p; = ¢ in
case ¢ | my. Here, in the extreme cases ip = 0 and ip = s we read
that ¢ < p; and g¢ > ps, respectively. We have N,,, p+1 = Ny, for all
C>ig+ 1. If 1 </ <ig, then

U u
Npoo = drq and Npyo = dr,
Udg Uq
where d := pyi1---ps and r := p,. Let us see that Ny, s | N, for all
¢=1,...,179— 1. Indeed, if ¢ # r this is true even with ¢ := iy because
then

Nppt  Uagrtia (9% —1)(g* = 1)
Nie  tgguar (9% —1)(g" — 1)
where ®,,(X) is the cyclotomic polynomial whose roots are the primi-
tive roots of unity of order gr. Thus, Ny, ¢ | N, for all ¢ =1,... i,
if ¢ # r. On the other hand, the case ¢ = r leads to p;, < ¢ =1 = py,
so £ > 1y and this is possible when ¢ < 7y only when ¢ = iyq. Thus, the
divisibility relation Ny, ¢ | Npp,.e still holds for all £ =1,... iy —1, and
one checks that Ny, io+1 = Ny i, i case ¢ = p;, | my.
So, to summarize, we showed that

v +2<l<s+1, if gfmy,
ZO+1§€§S+]—) if q|m17

(5.8) = (qu(gd) € Z,

Nt = Ny -1 for all {

and that
1<l<ip, if qgtm,

le,ﬁ | Nmmf for all {1 </ < 19 — 1, if q ‘ mi.
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Put jo := iy if ¢ does not divide my and jy :=ig — 1 if ¢ divides m;.
Recall that we are assuming here that ¢ does not divide g — 1.

Let us treat first the case that ¢ does not divide d,,,. Then the
exponents of all primes dividing d,,,, in u,,, and u,,, are the same.

This shows that

Amg,é = Am1,€—17 and Bmg,[ = Bm1,€—17 for all jo +2 S { S s + 1,
Am1,€(5p) Amg,éa and Bm27€ == Bmh@, fOI‘ all 1 S f S ]0

However, we still have the number

Nmz,j0+1 = Am2,j0+le2:jo+1D

to consider. By what was shown above, and since we are assuming that
q does not divide g—1, we have B, jo+1 = 1. Furthermore, the number
Ny, jo+1 18 not a perfect square by Ljunggren’s result mentioned in the
proof of Proposition 5.2 (observe that the two exceptional solutions of
the equation (2" —1)/(x — 1) = y* with z > 1 and n > 2 which have
(x,n) = (3,5) and (7,4) do not apply to our instance since for us g > 4
and the exponents are odd). Hence, A,,, j,+1 > 1, and since

s+1 s
[ Broe =[] Busie = ged(k, g — 1),
/=1 /=1

we therefore get that

%—Qk—ﬁfl is a proper multi leoff[A —(Sm—lk
ged(k,g — 1)  L17mat BAPIOD PR LA T ed (kg — 1)

(Note that we have used the fact that the A,,, , are coprime and
squarefree, so the square [J in the equations for their products with
i = 1,2 derived above in each case is 1, so such squares do not interfere.)
So, we see that if ¢ = ¢ and ¢ 1 0,,,, then d,,,/0,,, > 1 is an integer, so
W(0my) > W(dm, )

Minor variations of this argument apply in the remaining cases. For
example, suppose that we still have ¢ = ¢ but ¢ | d,,,. Suppose first
that ¢ does not divide my, so jo = ig. With the above notations,
let iy be the unique index i € {1,...,s} such that ¢ | A,,, ;- Then
q | Nmy.iy- A minute of reflection convinces us that p;, is the minimal
prime factor of the index of appearance z(q) of ¢ in {u, }n>0. Note that
2(q) < ¢ —1 < g, therefore ¢ > p;,. In particular, i; < 5. Thus, since
Ny, 4y 1s divisible by ¢ at an odd exponent and my = my¢, it follows that
N, i, 1s divisible by ¢ at an even exponent. Everything else stays the
same as before so relations (5.9) still hold for all ¢ € {1,2,...,s+ 1}
except for £ = jo+ 1 and ¢ = ¢y, while when ¢ = 4;, we have that
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Apiin/q | Amyiy (and By, iy = By, .i,). Thus, here we loose one prime
out of d,,, (namely the prime ¢), but we gain at least one other prime
from A, jo4+1. This shows that w(dm,) > w(dm,), but it is no longer
true that ¢,,, divides d,,, in this case (although d,,, /¢ divides 0, ).

Assume now that it is still the case that t = ¢ divides ¢,,,, but that
q | my. Then jo = ig—1 and i; < ip. With the same notations as above,
we have again that ¢ | Ny,, ;,. However, recalling that ¢°|ju.(,), it then
follows that ¢®||m;, where a > 1 is some integer such that a + e, =1
(mod 2). Since p;, < g, it follows that my/(py---p;;—1) is a multiple
of z(q)q®, while my/(py---pi,—1) is a multiple of z(g)g*™. So, again
relations (5.9) hold for all £ € {1,...,s+ 1} except for ¢ = jo + 1
and ¢ = iy, while for ¢/ = iy, we get, as in the previous case, that
Ay in/q | Amyiy (and B, i, = B, i,)- So, again here we loose one
prime out of d,,, (namely the prime ¢), but we gain at least one other
prime from A,,, j,+1 > 1. So, again we have that w(d,,,) > W(dm, ).

Let us outline the case when ¢t = ¢* and ¢ divides k(g — 1). We
keep the notation iy as the minimal index i in {0,...,s} such that
pi < q < pix1- Then as in the preceding case one argues that there
exists jo € {0,...,s+ 2} such that

(510) Nm%g = thg_g for all (e {jo +3,...,5+ 2},
and
(511) le’g | NmQ,g for all l e {1, - ,jg}.

Here, again jo := iy if ¢ is coprime to m and jo :=io — 1 if ¢ | m;. For
the divisibility relation (5.11), one uses the fact that the polynomial

(X" —1)(X — 1)
(X7 —1)(X" = 1)

instead of the argument from relation (5.8). Hence, A, s = A, o2
and By, = B, -2 forall ¢ € {jo+3,...,s+2}. By arguments similar
to the previous ones, we get easily when ¢ divides g — 1, that since ¢
does not divide d,,,,, we also have that A,,, ¢ | Ay, e and By, ¢ = By e
forall ¢ € {1,..., 0}

When ¢ divides k/ ged(k, g — 1), a similar conclusion can be deduced
in the following way. Observe first that ¢ | k | g™ —1 and ¢ | g% ' —1 by
Fermat’s Little Theorem. Hence, ¢ | g8°4(™14=Y) — 1 and since ¢{ g —1,
it follows that ¢ | Uugcd(m,,q—1)- In other words, iy > 0 and ¢ | Upy..pjy -
Now each one of the expressions N,,, , for £ € {1,...,jo} is of the form
(g% —1)/(g* — 1) for some prime r < ¢ and its corresponding N,,, ¢
is of the form (g% —1)/(g%" — 1). It is now easy to check that the
exponent of the prime ¢ has the same residue class modulo 2 in the

= D2, (X)Py (X) has integer coefficients,
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factorization of Ny, , and N, ¢, respectively, which does imply that
Ao | Ay for € € {1,...,jo}. We still have Ny, jo+1 and Ny, jo12
to look at. Since ¢ | k(g — 1), we get that B, jo+2 = Bm,jo+1 and
their common value is ¢ or 1 according to whether ¢ divides (¢ — 1) or
k/ged(k,g — 1), respectively.

Recall that A,,, j,+1 and A,,, j,+2 are coprime. If it were true that
both A, j,+1 and A,,, j,+2 were 1, we would then get that with some
divisor d of my (here, d := p; 41 - ps if ¢4 my and d := p;, - - - ps when
q | my), we would have

g —1

g'—1
By Ljunggren’s result, neither of B,,, j,12 or B, ,+1 can be 1 so
both must be ¢. By multiplying the above two relations, we would
get (¢%° —1)/(g* — 1) = O, which again is impossible. Thus, e :=
Ay jot1Am, jo+2 > 1. Because, as we have seen, A, ¢|Am, ¢ for 1 <
¢ < joand A, = Anyese for jo+1 < £ < s, the product of the
A, ¢ divides the product of the A,,, , divided by e. And since e > 1,
one gets that the corresponding ratio of the product of the A,,, , to
the product of the A,,,, is greater than 1. But this ratio is also the
ratio d,,, /0, . Since both d,,, and d,,, are squarefree, it follows that
W(dmy) > w(dm, ). The proposition is therefore proved. O

g% —1
g% —1

= Bm27]’0+2|:|, and = Bm27j0+1|:|.

Remark 3. The referee sketched a somewhat shorter proof of Propo-
sition 5.6 using, in addition to Ljunggren’s result, Lemma 2.4 from [10].
We thank the referee for the alternative proof of this statement.

The following corollary is of interest:

Corollary 5.7. (i) If my | mg are in My, my/my > 1 and d,,, =
1, then d,,, > 1.
(ii) If my | mg are in My, ma/my > 1 and 6,,, > g is prime, then
Omy, > 1 and, in addition, if it is prime, then my = M0y, .

Proof. Part (i) is immediate. Indeed, let r | my/m; and assume for a
contradiction that w,,, = k(0. Then r* | my/my if v divides k(g — 1).
Let ¢ := r? if r divides k(g — 1) and ¢ := r otherwise. Then mt | ma,
and d,,, = 1, so by Proposition 5.6, we have d,,,; > 1. Hence, w(d,,,¢) >
1. By induction over the number of prime factors of my/(m;t) using
Proposition 5.6, we get that w(d,,,) > 1, a contradiction.

As for (ii), denote p := d,,,. Let r be some prime factor of my/m;.
Let again t := r? if r divides k(g — 1) and ¢ := r otherwise. Then m;t
divides ms.

Furthermore, by Proposition 5.6, if r # p then w(d,,,¢) > 2.
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Now by induction over the number of prime factors of ms/(mit),
we get, by Proposition 5.6 again, that w(d,,,) > 2, a contradiction.
Therefore we must have r = p.

But this is then true for every prime factor of ms/my, so mg = mqp®
for some a > 1.

Let us now show that a = 1. Assume otherwise. Proposition
5.6 shows that w,,, = kpO and wu,,, = k¢, where ¢ = d,,,, is a
prime. Then ¢ is not the same as p (in fact, ¢ = 1 (mod p) since
p > g). Therefore, by Proposition 5.6 applied to mip and m;p?, we get
W(Omyp2) > W(0pmyp) = 1.

Now again by induction over a using Proposition 5.6, we get that
W(Omy) = W(Omypa) = wW(0pyp2) > 2, which is the final contradiction.

This establishes the desired corollary. U

5.3.2. An algorithm to compute all solutions. We are now ready to
explain an algorithm which detects all possible candidates for m such
that N = du,, is perfect in this case, namely N is odd, p > g, d # [J,
m is odd and g > 4.

We return to equation (5.6); i.e., u, = cpd with ¢ = ¢4. First
eliminate three cases where modular constraints imply no solution: d
even, g = 2 (mod 4) with d = 1 (mod 4), and 4 | g with d = 3
(mod 4).

Observe that, since here 4, = p > g, we have (J,,,9 — 1) = 1, so
m € M.. By Proposition 5.4, my := Z(c) | m. Thus, w,,, = cd40] with
04 squarefree. Clearly, my € M,.. Put m =: myn. Then, by Corollary
5.5, all prime factors of n dividing ¢(g — 1) appear at even exponents
in n. The goal is to give a short list containing all the candidates for
n.

Recall that

U, = 040, where  p*(cdy) = ged(dg, 9 — 1) = 1.

If w(dq) > 2, then Proposition 5.6 plus an induction on the number of
prime factors of m/mg, shows that

w(6m) > 2 for all m € M., so we don’t get any convenient solutions
n.

If §4 is a prime, then Corollary 5.7 (ii) shows that n € {1,d4}.

Assume next that o, = 1. Write

mq __ 1 magn __ 1
(5.12) N = (dg ) (g ) .
g—1 gmi—1

Assume first that the two factors on the right in relation (5.12) above
are not coprime. Let ¢ be a prime dividing both these two factors. If
q | wm,, then since ¢ | (g™ — 1)/(¢™* — 1) = Upmyn/Um,, We then get
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that | n, where r = ¢. If not, then ¢ | d and ¢ { up,,, so 2(q) | man
and z(q)  mg. Hence, there exists a prime r such that r | n, and this
prime is either ¢ if ¢ | wy,,, or it is a prime factor of z(q)/ ged(z(q), ma),
where ¢ | d, otherwise. At any rate, we can say that n is a multiple of
t, where t := r, if r does not divide c(g — 1), and ¢ := 72, if r divides
c(g — 1), and r is one of the previous primes. Now

Umgt = C(Sd,tD>

where by Corollary 5.7 (i), we have that d4¢ > 1. If w(dg) > 2,
then there are no convenient solutions n, while if d4; is a prime then
n € {t,tdq+}, by Corollary 5.7 (ii).

Assume next that the two factors appearing on the right in equation
(5.12) are coprime. Then

gmdn _ 1
2N = o(N) = o(duy,,)o (—) :

gmi—1
Now du,, < o(duy,,) < 2du,,. We know that if ¢°||du,,,, then ¢*||2N.
Hence, there must exist a prime number ¢ dividing o(du,,,) which
does not divide du,,,. If this prime is 2, then o(umn/um,) is odd,
therefore wy,,,, /um, = O, which is not allowed if n > 1 by Ljunggren’s
result. Hence, ¢ is odd. We thus get that ¢ | (¢"" — 1)/(¢g™ — 1),
therefore z(q) | mgn, but z(q) ¥ mg. Let r be some prime factor of
2(q)/ ged(z(q), mq). Then n is divisible by ¢, where again as before we
put ¢ := r, if r does not divide ¢(g — 1), and ¢ := r?, otherwise. Now
write

Ut = COqL].
Then d4¢ > 1 by Corollary 5.7 (i). If w(dg¢) > 2, then there are no such
solutions n. Finally, if 64, is a prime, then n € {¢,td4+}, by Corollary
5.7 (id).
This exhausts all the possibilities, and so all the potential candidates

m such that du,, is perfect are obtained in one of the ways described
above.

6. THE PROOF OF THEOREM 1

We start with (i). If N is even, then Proposition 3.1 shows that
N < ¢? . In case N is odd, then N < ¢™, so it suffices to bound m.
When N is odd and the Eulerian prime p is small, then Proposition
4.2 shows that m < 144¢® < ¢*!, while if p > g is large but m is even,
then m < 216¢°/2 < ¢! because g > 2. When p is large and d = [J,
then Proposition 5.3 shows that either m < ¢?, or m < 8glog(4g) <
8glog(g®) = 24glog g < g''. Summarizing, in all cases except the last
one when N is odd, p is large and d # [, we have that m < ¢g'! <
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994 < 9992. So, let us look at the last case which can occur only when
g =>4

It is clear that z(cq) < cq < g—1, therefore my = Z(cq) < 2(cq)d(g—
1) < (g — 1) Hence, prime factors g of either du,,,, or of o(du,,,),
do not exceed 2g(9_1)3 because du,,, divides a perfect number, so any
prime factor r of their index of appearance in u,,, is at most as large
as the same bound 2¢@1°. Hence, with the notations from Section
5.3.2, we have that either t < r < 290V’ or t = 2 < (g — 1)2,
with this case appearing only provided that | (¢ — 1). Observe that
(g —1)% < 299 V* since g > 4. Thus, mgt < 2(g — 1)3¢~D* and so
any prime factor of u,,, is at most
)3

g—1)3+4

(6.1) 92(9—1)39@*1 gg(
Since g > 4, we have that ¢ > (g — 1)3 + 4, therefore the expression
appearing on the right hand side in inequality (6.1) above is less than

gggg, which completes the proof of part (i) of the theorem.

We next address (ii). If N is even, then Proposition 3.1 shows that
either m =1 and N < g,orm=2and d=2%and g+ 1 = 2°(2F — 1)
for some nonnegative integers a and b. We can see that when m = 2,
the number N is (at best) uniquely determined. Thus, the number of
even perfect repdigits in base g is less than g¢.

Assume now that NV is odd and that the Eulerian prime p is small,
so p < g. Then the number of choices for the pair (d,p) is less than g2.
For each such choice, every m arises as X,, = ¢gl"/?), where X = X,
arises as the first coordinate of a positive integer solution (X,Y) of
either equation (4.4), or of equation (4.5), depending on the parity of
m. If n > 7 in the first case, or n > 13 in the second case, then
X, has a primitive divisor, so X,, = ¢™?} can happen for at most
one such n. Hence, the number of solutions m when (p,d) is given is
< (6+1)+ (13 +1) = 20. So, we get a totality of at most 20¢? such
solutions.

We next consider the case when N is odd, p is large and m is even.
Given d, the number \; used in the proof of Proposition 5.1 is a divisor
of ¢g4, so it can have at most ¢4 values.

Given Ay, the number m = 2m; arises from a relation as X, =
g™ /2 where X = X, is the first coordinate of a positive integer solu-
tion (X, Y") to one of the two equations arising from (5.1). The previous
argument shows that each one of them has at most 20 solutions. Thus,
we get at most 2 x 20c; < 40g solutions m for each fixed value of d,
therefore a totality of at most 40¢g? solutions all together in this case.
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We next consider the case when N is odd, p is large and d = [.
Then, by Propositions 5.2 and 5.3, we get that either m = ¢?, where
q is a prime factor of g — 1, or m = p < 8glog(4g) < 8glog(g®) =
24glogg < 24¢®. The number g — 1 has less than ¢ prime factors.
Hence, the number of solutions in this case is less than 24¢> + g.

We now consider the last case when N is odd, p is large and d # [J.
Here, g > 4. Given d, we compute d4. If w(dq) > 2, we are through
and there are no such solutions. If 4 is a prime, then we have two
possibilities for n. Suppose now that §; = 1. We have my = Z(cq) < ¢°
as we saw in the proof of part (i). Therefore du,,, < o(duy,) <
2duy,, < 2g™ < 993, again because du,,, divides a perfect number.
Thus, the totality of the number of prime factors of du,,o(duy,,) is
less than

g’logg  g’logg

4
< g .
log 2 log 2 9

Here, we used the inequality ¢? < 29 valid for all ¢ > 4 in the form
(2logg)/(log2) < g. Each one of the prime factors of du,,o(dun,)
determines, using Proposition 5.6, at most one value for ¢. For each of
these numbers ¢, we compute w,,,; = cqdq4,0, and if d4, is a prime, then
m € {mgt,m4téa,}; otherwise, there is no solution for such ¢. Thus,
we get at most 2(g* + 1) possibilities once d is fixed, so a totality of at
most 2¢° + 2g possibilities altogether in this case.
To summarize, the number of solutions is

(6.2) < g+ 20g% + 40g* + (249° + g) + (29° + 29) = 2¢° + 849> + 4g.

The above bound is less than 4¢° for all ¢ > 4. When g = 3, the last
term (2¢° + 2g) does not appear in the sum from (6.2), so the bound
is in fact 84¢g% + 2g < 4g°. This completes the proof of (i) and of the
theorem.

7. THE COMPUTATIONS

The algorithms described in Remark 1 at the end of Section 4 (the
“small Eulerian prime p case”), Remark 2 at the end of Section 5.1
(the “even m, large p case”) and in Section 5.3.2 (the “odd m large
p case”) were implemented in Mathematica. No odd perfect repdigits
were found for any digit d up to g = 333 and there is no particular
reason, other than computational resources, why this could not be
carried through to higher values of g.

There was a need to solve Pell equations 22 — Dy? = £1 with large
D, and this posed no particular obstacle using Mathematica’s function
“Reduce”. As expected, at times we obtained very large fundamental
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solutions. When solving the generalized Pell equation Ax?— By? = 41,
using the method based on the standard equation, sometimes there was
a need to find the square root of a very large integer when it was a
square. We simply tested for squareness using up to 1000 quadratic
residues. With success we then used indefinite precision floating point
arithmetic to give a complete test and found the square root when it
existed.

In computing the function Z we avoided factoring integers of the
order of 100 or more digits, which was slow in Mathematica.

Finally, given values of d and very large values of m, in the odd m
large p case, we needed to test whether repdigits

N::d(g _1)
g—1

were perfect or not. We adopted a strategy similar to the following
example, and this worked in each case considered.
Let d = 23, g =54, m = 102735452373554407 so

N = 23 M _
53

Now 23 | 54 (med ¢(23)) _ 1 and 232 t 54 (med ©(23%) _ 1 where ¢(n)
is Euler’s phi function. Hence 23%||N. But ¢(23%) = 7-79 and 7 ¢
54m (med ¢(7)) _ 1 50 N is not perfect.

Copies of the Mathematica code are available on request from the
first author.
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