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1 Introduction

It is known (e.g. [3] and [11]), and we will revisit this argument shortly, that there are infinitely
many positive integers n such that ¢(n)o(n) = O Here, we look at such positive integers n.
Clearly, n = 1 has the property. Suppose that n > 1 and write its prime factorization as

k
(1.1) n = le%'.
=1

Then
k
(1.2) W:H(l—&)
n i=1 p;

Thus, if n > 1 and ¢(n)o(n) = m? for some positive integer m, then m < n, so we can write
m = n — a for some positive integer a. In this paper, we look at the positive integers a arising in
this way. First, we fix such a number a and study the set

Ng:={n:n>aand ¢(n)o(n) = (n —a)?}.

It is easy to see that each n € N, has the same parity as a. Our first result shows that N, is a
finite set.

Theorem 1. All elements n in N, have w(n) > 1 and n < 2a3.

We conjecture that Theorem 1 is best possible. Indeed, if p is prime and 2p? — 1 is also prime, then
for n = p(2p? — 1), o(n)¢(n) = (n — p)? and n ~ 2p3. It is conjectured that there are infinitely
many such primes (this is a special case of Schinzel’s Hypothesis H).

Next, we look at the set
=1{2,3,6,7,8,9,11,13,17,19, 23, 24, 26, 28, 32, 35, 37,40, 41, 43,45,47,53, . . .}.
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L1We use O to denote the square of a positive integer
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Clearly, A is infinite because on the one hand there are infinitely many n such that ¢(n)o(n) = O,
while on the other hand for each a the set N, is finite by Theorem 1. Our next result gives a lower
bound for A(z) = AN|[1,z].

Theorem 2. The estimate #A(z) = 2'/8+°() holds as 2 — occ.

In light of the examples given above (n = p(2p? — 1)) and the Bateman-Horn conjectures [4], it is
likely that A(z) > x/log? .

Throughout the paper, we use the Landau symbols O and o and the Vinogradov symbols >, <
and =< with their usual meaning. We recall that A = O(B), A < B and B > A are all equivalent
and mean that the inequality |A| < ¢B holds with some positive constant ¢. Further, A < B means
that both estimates A < B and B < A hold, while A = o(B) means that A/B — 0. The symbols
P, q always represent primes.

2 Background on solutions of Pell-type equations

Let d > 1 be a positive integer which is not a square. For k > 1, let (X, Yy) be the kth positive
solution of the Pell equation X? — dY? = 1. Recall that

Xp+VdY, = (X1 +VdY,)®  holds forall  k=1,2,...
We shall use some basic facts about the sequences (Xj)g>1 such as relations of the type
Ximan = X Xn +dYn, Y, for all positive integers m, n,

as well as the fact that X, | X;, whenever m | n and n/m is odd. We need the following easy result
concerning the indices k£ such that X is an odd prime power.

Lemma 3. If X; = p® for some odd prime p and positive integer «, then k is a power of 2.

Proof. Suppose that k is not a power of 2. Let h > 3 be an odd divisor of k£ and put » = k/h. Since
X, | Xy, we have X, = p” for some integer 1 < 8 < a. From

X + \/ng = (X, + \/ng)h,

we get

(h=1)/2 h
21 X, = X2+l x2 4 (h—l)/2—i'
(2.) = 2 (o) o

In particular,

P =X > X = (7)) =",
therefore 3 < a/h. Let j be the largest integer with p/® | h. If j < h — 2, we then reduce the above
equation (2.1) modulo pUt2B . Upon observing that j + 2 < h, therefore (J+2)B < hf < a, we
infer that pU+2# | X,. Thus,

h . o .
T (2 >p<2z+1m(pzﬁ_1)(h D21 (mod pli+28).
— 1+ 1

0<i<j/2

(2.2) 0

We now show that pUt2)8 | (2¢i1)p(2i+1)5 for all 1 < i < j/2. Indeed, let p*||2i + 1. Since
2i +1 < p*1, it follows that A < 2i — 1. Using Kummer’s theorem concerning the power of a
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prime dividing a binomial coefficient and denoting by v,(m) the exponent of p in the factorization
of m, we then have

h
(550 1)) 2 0 = 2+ 1) > 238 -0

SO

h h h 4
(j+2)ﬁ<”p<<2i+1>) tA+28< <<2i+1)> +Ri-D+28< <<2¢+1>p(22+1)5>'

Thus, ptUt2)8 | (Qiil)p@”l)ﬁ. The congruence (2.2) then implies
0= hp?(p*? — 1)"=D/2 (mod plit2)8),

which implies pUt1PA | h, a contradiction. Hence, 7 > h — 1, so h is divisible by p"~! > h, a
contradiction. N

Let a > 1 and b > 1 be coprime square free integers such that the Diophantine equation
aU? —bV? =1

has a positive integer solution (U, V). It is then well-known that it has infinitely many positive
integer solutions (U, V). Further, putting (Uy,V}) for the smallest such solution, all solutions of
the above equation are of the form (Usji1, Vaj41) for some j > 0, where

Valsji1 + \/BVQJ'H = 4%t where v =+alU; + VbV,
Furthermore, if we put
v = Usj + \/@ng for j>1,

then the pairs (X,Y) = (Uyj, Vo;) for j > 1 form all the positive integer solutions of the Pell
equation X2 — (ab)Y2 = 1. All these facts follow from Theorem 3 in [13]. We need the following
result which is similar to Lemma 3.

Lemma 4. With the above notation, let a = p be an odd prime and let h be an odd positive integer.
If Uy, = p® for some a > 0, then h =1 or (a,b,h) = (3,2, 3).

Proof. If @ = 0, then there is nothing to prove. So, assume that o > 0 and h > 1. Write h = rs
with 1 < 7 < h. Since U, | Uy, it follows that U, = p®, where 0 < § < a. Write

(s—1)/2
(2:3) pPr=U= ) <2i+1)UEz+1pZ(be)<s /2=,
1=0

Let p/||s and assume that j < a — 3. As in the previous proof, for i > 1 let p*||2i + 1. Observe
that A < ¢ and in fact A < ¢ — 1 except when p =3 and ¢ = 1. Then

i ((5550)) 2 0 -tz 1) =5

h 2i+1, i - : :
> — A
Vp(<2i+1)UT p>/j+(21+1)ﬁ+z A

If A <i—1orif 8> 0, the right hand side above is at least j + 1+ 8. Thus, in (2.3) all terms with
i > 1 are divisible by pT1*8. This implies

0= Spﬁ(bvl2)(sfl)/2 (mod pi+1+5)’

therefore
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so p’T1 | s, a contradiction. Thus, we have j > a — 8 and hence U}, /U, | s. This is impossible, as
(2.3) implies

U,
ﬁlz > p(s—l)/Q 2 s.

It remains to treat the exceptional case i = 1,8 = 0,p = 3 for which U; = 1,b = 2,V; = 1. Note
that in this case U3 = 9 = 32. No other odd numbers h give U, = 3%, however. To see this,
apply (2.3) with » = 1, s = h and deduce that 3|h. If b > 3, we apply the above argument with
r=3,s=nh/3 and 8 = 2, and deduce a contradiction as before. O

The proofs of Lemma 3 and 4 can be simplified by invoking the Primitive Divisor Theorem for
Lucas and Lehmer sequences (see [6], [15] and [5]). We gave the current proofs in order to make
the proof of Theorem 1 self-contained.

3 The proof of Theorem 1

Qg

Suppose that n € N, let k = w(n) and factor n canonically as n = pi" ---pp*. If k = 1, then

n =pi* and

¢(n)o(n) =pf~H(pitT —1) =0

@l 1 and 2 @11 are coprime and their product is a square, it follows that

Since the two factors p

each one of them is a square. So, a3 — 1 = 2/; is even, and po‘lJr1 1= p%31+2 — 1 =10, which is
impossible because there are no two consecutive perfect squares. Hence, k > 2

We apply the AGM-inequality to the right side of (1.2) and get

(4 )~ (i) i)
- (1)

Taking square roots and rearranging gives

G
(3.1) ak =z n (Z al—|—1>

% lpZ

1
k
(n

Applying again the AGM-inequality to the right—hand side of (3.1), we get

k k
ak > kn [ p; CT0F = R pf (IR,
=1 i=1

If £ > 3, then since a; — (a; + 1) /k > a; — (a; +1)/3=(20; —1)/3 > «;/3 for alli = 1,..., k, we
get that

k
o> [ =

Thus, if k£ > 3, then n < a3.
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Next, suppose k = 2 and rewrite equation (1.2) as

2
IIp ettt -0 = ([ s -
=1

If a; > 2, then pf‘i_l | a2, therefore p; | a, and then p$ | a®. In particular, if oy > 1 and ag > 1,
then n = p{"'p3?|a3, so that n < a®. The next case is when a; = 1 and ag > 2. If ag = 2, then psla,
hence p; < p2 < a and n = p1p3 < a®. If as > 3, (3.1) implies that 2a > n/p3 > py?~ ! > nl/2; so
that n < 4a® < 2a® (recall that a = 1 is not possible).

The final case is when & = 2 and as = 1. Assume first that p; = 2. Then p% —1 =0 (mod 8),
therefore 29172 | ¢(n)o(n) = (21 py — a)?, showing that 211 | a2, Thus, by equation (3.1), we get
n < 277 (2a) < 24°.

From now on, we suppose that p; is odd. We break the argument into two subcases depending on
Whether al is odd or even. First, suppose a1 is odd and write oy = 28 — 1, where [ > 1. Here we
have p1 |a SO we may write a = pf b for a positive integer b. Then our equation becomes

(p7” — 1)(p3 — 1) = (pip2 — b)*.

Thus, there exists a square free number d and integers u, v such that pl’B 1 = du? and p3—1 = dv?.
Let (Xl, Y1) be the minimal positive solution to the Pell equation X2 —dY? = 1 and let (X;,Y;) be

its jth solution. Since p’f = Xy and py = X,,, for some positive integers £, m, it follows by Lemma
3 that both ¢ and m are powers of 2. Further, since

(XeXm — )2 = (pp2 — a)? = (0}° — 1)(p3 — 1) = (dYyVim)?,
it follows that
b= X Xm —dYY = Xjpm_y-

Suppose that 5 2. If m < £ then pf =Xy = 2)(52/2 —1 > 2p3 — 1 > p2, a contradiction. Hence,
> 2¢ and pl = Xy < b, which implies a = p? ) > p?ﬁ_l. We also have po = X, = 2X72n
262 < 2a? and consequently

1<

n = p?ﬁ_lpg < 2a3.

Now suppose 8 > 3. If m > 2/, then we get b > X, = pf as before. Otherwise, m < ¢/2, 2|¢
(because both ¢ and m are powers of 2) and

_ X Py
2 2

51 B—1+(8/2)
a=p; b= T’

hence p; < (a\/i)Q/(i’»ﬁ—?). Using (3.1), we get p2 < 2ap; < 2a(a\/§)2/(35_2) and we conclude that

In both cases,

78—2

(a\[)i"ﬁ s _oltsits 20352 < 407 < 243,

the final inequality holding for a > 12 (for a < 11, a quick search yields no solutions in the interval
[2a%,4a'/7]). This concludes the proof when a is odd.
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Finally, suppose o1 is even and write a; = 23. Then pf | @ and py | p3 — 1. Writing a = pf ai, we

get
2
ps—1
@ 1) <2p1 ) — (6P — a2

In particular, there exists a square free number d and integers u and v such that
p%’gﬂ —1=du® and p% —1=pidv®.

If d = 1, then the first equation above becomes p%ﬁ T2 = 1, which has no solutions by known

results on Catalan’s equation (this particular case of Catalan’s equation was solved by Lebesque in
[12] more than 160 years ago). Thus, d > 1. Putting = = p’f and y = pa, we get

pa?—du® = 1,
2 2
y° — (pd)v® = 1.
With the notation from the previous section, let v = Uy/p1 + Vivd and § = Uivp1—W1 V/d. Then
pf = UZ and b2 = Um

for some positive integers ¢ odd and m even. By Lemma 4, we have £ =1 or (p,z) = (3,9). In the
latter case, using (3.1) gives n = 34y < 3%(6a) < 2a3 for a > 16 (for a < 15, there are no solutions
n € [2a3,486a]). Now suppose £ = 1. By Lemma 3, m is a power of 2 and we get

ar = pyps — duv = YO\ (A" AN (=0 (A" 0™ :’ym—1+5m—1
1 2\/p1 2 2 2./p1 SN
—Up1>U =p.

Hence, a > p?ﬁ

and we conclude that

n = p2py < aps < a(2apy) < 2a2TVD) L 24572,

4 The proof of Theorem 2

4.1 Preliminary results

For an integer m we use P(m) for the largest prime factor of m with the convention that P(0) =
P(£1) = 1. If m satisfies P(m) < y, then m is called y—smooth.

We follow [11]. Given a polynomial F(X) € Z[X] put

mr(z,y) = #{p <z : P(F(p)) <y}
The following result appears in [9].
Lemma 5. Let g be the largest of the degrees of the irreducible factors of F(X) and let k be the
number of irreducible factors of F(X) of degree g. Assume that F(0) #0 if g=k =1, and let € be

any positive number. Then the estimate
x

7TF(:’Ua y) = lngL’

holds for all sufficiently large = provided that y > x9T¢—1/2k,

In the remaining of this section, G is a finite abelian group. Let n(G) be length of the longest
sequence of elements of G (not necessarily distinct) such that no nonempty subsequence of it has
a zero sum. The following result is from [10].
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Lemma 6. If m is the mazimal order of an element of G, then
n(G) < m(1+ log(#G/m)).

The following result is from [1].

Lemma 7. Assume that r > k > n = n(G) be integers. Then any sequence of r elements of G
contains at least (Z)/(;) distinct subsequences of length between k — n and k having zero sum.

4.2 The proof of Theorem 2

Let z be large, € € (0,1/5), z1 = z'/27¢ and

log z1
y=
log log x1
Let t = m(y) and G = (Z/27Z)!, so by Lemma 6,
(4.1) n(G) <2(1+ (w(y) — 1) log2).

Let u = (3/4 +¢)~!'. Applying Lemma 5 to the polynomial F(X) = X2 — 1 for which g = 1 and
k = 2, we get that

U

Tr(y",y) > og

In particular, by the Prime Number Theorem, there exists ¢; € (0,1) such that if we put
Si(y)={p:cay” <p<y", Pp*—-1) <y}, then

U

(4.2) #S1(y) > Tog for T > Tp.

Applying the above argument with y replaced by c1y, we also get that if we put
Soy) = Siley) ={p: iy <p< iy’ P(p®—1)<cry}, then

(4.3) #Sa(y) > (c19)" v for x > xg.

log((c1y)*) = logy*’

b {log le '
log y*
The argument from the proof of Theorem 1.1 in [11] shows that if we put
Fly)={<z1:¢({)o(¢) =0and p € Si(y) for all p | ¢},

We put

then
T=#F(y) =z, /0 > 15
for large x. Now take

log z1
(4.4) M = {“J +n(G) + 2.
log(ci ™)
Note that |
M < 28T 4 ony) < v,
ogy

so in particular 2M < #85(y) for large x by inequality (4.3). Choose elements q1, ..., gaar in S2(y)
and write ¢ — 1 = q;0, where a; is square free and P(a;) < y for i = 1,...,2M. We think of
a; as elements G where in the location corresponding to a prime p < y we assign the value 1 or
0 according to whether p divides a; or not. We apply Lemma 7 with » = 2M, k£ = M to deduce
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the existence of at least (21\]\/[/[ ) / (T?(Aé[)) > 1 subsequences of length at most M and at least M — n(G)

with a zero sum. Fix one such subsequence {¢; };c; and put
-
el

Then ¢(w)o(w) = v? for some integer v. Furthermore, since

log x1 J { log x4 J
— g | P2<H#I <M | ———F— | +n(G) +2,
Log(clﬂy“) log(ci*y)
we get that
1 I 1 {%J +2
(4.5) w > (YL > (cutlyeyLiesei™ v ] 5 940 > 20
for all £ € F(y) when x > zg, and
log @ -
w < (quyu) {710g<czf+1lyu)J+O( () _ x}Jro(l) < x1/2+g
for all sufficiently large x, where we used the fact that (see (4.1)),
1
n(G) < m(y) =o(y) = o <og+:nl) (x — 00).
log (e y")

Now consider
N(y) ={wl: e F(y)}.

Clearly, n < xyw < z for all n € N'(y). Let ¢1,...,¢p be all the elements of F(y). Let n; = {;w for
i=1,...,T. Then

o(ni)p(ni) = (ni — a;).
Clearly, a; < n; < z. Let us show that these a;’s are distinct. Put ¢(n;)o(n;) = m? fori=1,...,T.
If a; = aj(= a) for some i # j, then

m; =n; —a and m;=n; —a,
SO
(4.6) m; — mj =nNn; — nj = (EZ — Zj)w.

Observe that w is built with primes p < cfy" < c1y* and the numbers ¢, are built with primes
p > cy” for s = 1,2,...,T, so ged({s,w) = 1. Hence, ms is a multiple of v for all s = 1,...,T.
Thus, the left-hand side in (4.6) is a multiple of v. Clearly,

1/2
v=1/pw)o(w)=w]] <1 - q12> > e > 2> max{l, 0} > |6 — 4],

2
L (@
by inequality (4.5). Furthermore, v is divisible only by primes p < y, whereas w is divisible only by
primes q > clny“ > y for x sufficiently large, so that ged(v,w) = 1. Now equation (4.6) implies
that v|(¢; — £;), hence ¢; = £;. So, ay,...,ar are distinct, therefore

#A() > T = #F(y) > «'/5=re)

as x — 00. Letting € tend to zero, we obtain the desired estimate.

Remarks. If, as widely believed, for any ¢ > 0 we have wp(z,2%) > z/logx, then the above
argument implies that #A(z) > z/27°M) as z — oo.
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