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Theorem 17 (Euier Summation) If f has a continuous derwative f' on [y,z] € R

where 0 < y < z, then

T fa ) 2] -3~ £ Ly —\@
L/ k/

Proof Let m=|y], kaa:J Ifn n—lE[y, z: D

LtJf(t) dt —ff/ m_Jf (t) dt
n—-1

= (n-1)(f(n) = f(n—1))
= {nf(n) = (n—Df(n =1} - f(n) =

L
Summing from n = m + 2 to n = k, the sum in braces ({--}) telescopes to give

lt] f/(t) dt = Kkf(k) - m+1)fm+1 Zf

m+1 ) -~ Vel n—m+2
= kf(k) = m m+1 Zjn)
S 3<n<x [\ 2
Hence ) Flare /
k
§ = -f ] P dt + kf(K) —mf(m+1)
m+1
: d &
= - [ W+ s@-miw).
Integrating [ f(t) dt (by parts) gives )

f £(t) dt = of(z) — yf(y) - / o

Rsmnm——

Then (4)—(5) = (3). O

s R e L
' S@f/ / dt+/ Ltjf(t ) dt i

(3)
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Definition If p =2" —1 € P we say p is a Mersenne Prime.

- | ———

Theorem 6 Ifn > 1 and a™ — 1 is prime then a = 2 and n is prime. /\
v ‘

Proof. Ifa>2thena—1la"—1(a"—1=(a—){a" ' +a"24---+1))s0a”—1 &P.
If a =2 and n = j¢, where j is a proper divisor of n, then 2" — 1 = (27)¢ — 1 is divisible

by 22 — 1 (a = 27 in the equation above). Hence n € P. [ L
— Ca'{ = l ‘: (‘KJL -—y \( e )
. web; http://www.utm.edu/research/primes/mersenne.shtml ,['J‘
Theorem 7 If2™ +1 € P then m = 2™ F ‘_J (_,) SL 5 4 ,- ‘3
Proof. If m = gr, where q is odd, then | # | L & '

20 41 =(2)4+1=(2+1)(2@ D _gle-D 4 ...t 1) and 1 <27 +1< 27+ 15029 +1
cannot be prime. Hence m has no odd prime factor. Hence m = 2", ne N. O

Note The factorization

a" — b = (a —b)(a"! +a"2b + a" 32 4 ... 4 bn 1)

e B,
works here for odd n since ™
= - f
"+l = @ — (1) =
= (a— (=)@ +a"*(=1) +a"¥(=1)* + - (1))
= (a+ D@+ 1)@ —a"2+a" 3 —... +1)
Fermat Numbers
Definition The n'! Fermat number, F, = 2;2";+ 1
Fy=3, Fy =5, F =17, F; =257, Fy=65537. C [
F, ePfor 0<i<4. Noother Fermat prime is known.
As
(Euler, 1732): 641|2%° + 1 = 641 - 6700417. /r;:
Proof. Let
a = 27
b = b5
a—b =3 &

l+agh—b = 1+5.3=2¢4
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Therefore

4T = (8R4
(2a)* +1
2’ +1
(1+ab—0bYat+1
(1 + ab)a* +1 — a*b*
(1 +ab)a* + (1 — a®b*)(1 + a?b?)
= (L+ab)a* + (1 — ab)(1 + a?b?)]

and 1 4+ ab = 641. O

Theorem 8 (Lagrange) Ifp € P, the exact power o of p dividing n! (p*||n!) is

ool b

Proof.
nl = 1.2.-(p—1)
plp+1)---2p---(p—1)p
.p2

( There are EJ multiples of p, L%J multiples of p?, etc.

Each multiple of p contributes 1 to «. Each multiple of p? has already contributed 1,
being a multiple of p, so contributes 1 more to « leading to

s
e~ [3J+ 3]+l

where r is the first N such that p™** > n. So L%J =0Vez2r+1. O

etc. Hence

Ex n=12, p=3so
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