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Lecture 10: Taylor Expansions

Theorem 30: Let a, b € R with a < b. Let f:{a,b] » R be a function such that
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£ {5 continuous on [a,b} and differentiable on (a,b) i.e. f SetsEs oa
(a,b). Then 3 £ € (a,b) such that Geas +
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£(p) = f(a) + £'(a)(b-a) + £l (si{bm i (1E-a})' #o= Dy - (b a) f(R)(E} X
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Proof Pefine a real number K by the didentity
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and defipe & fumction ¢ on [a,b] by

” ne=1 j
pfx) = £{b) ~ £(x) -~ E i??%l. % &y __:EEL_ K
= 3

Then @f{a) = 0 by the definition of the number K and ¢(b} = £(b) -~ £(b) -0 -0=10
Fis)

¢ is continuous on [a,b] eince the are continuous for 0= 1 = n~-1 and ¢ is

differentiable on (a,b) since f(n) exists on {a,b), Therefore we may apply Rolle's

Theorem Lo ¢ to infer the existence of a number £ 4n  (a,b) with ¢'(f) = O.
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Now @'(x) = 0= £'(x) - E l 3
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and s0 K = 1{n)(€)‘ Putting this expressiop back into the defining expression for K
gives the Taylor expansion and completes the proof.

If b < a then the expansion still exists with £ €(b,a).

If b =a+ h rthen the expangion may be writtem d]
-1/ N3 R (0) 2 (=) X
£lath) = f(a) + ) B+ = £ ath)
J=1 - S |

for some & (depending on a, h, f} with Ea{ <1,
The reader will note that Rolle's Thecrem is used im the proof of Tayloer's Theorem,

Some regard the latter as the most important theorem in analysis because of its use in

cbtaiming approximations and deriving pover serles {see later)., However ir appears that
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