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Units in R[x]

Let R be an integral domain. Units in R[x] are constant polynomials with
values which are units in R: to see this let f(x) € R[x] be a unit so there exists
a g(x) such that f(x).g(x) = 1.

Let f(x) = ao + -+ + anx", g(x) = bo + - - - + bmx™ where a, # 0, bm # 0.
Then

f(x).g(x)=1=(ao+---)(bo+---)=aobo + -+ anbnx""".

Equating coefficients, agbp = 1, and if n4+m > 1, a,bm = 0 which is impossibIeJ
in an ID.

Therefore ag is a unit and n+ m = 0 so n = 0 and we can write f(x) = ap. O )

(1) In Z[x] units are f(x) =1, g(x) = —1.
(2) In R[x] units are constant, non-zero polynomials f,(x) = a since
a.(1/a)=1inR.




What do elements of F[x]/(f(x)) look like ?

Assume f(x) is not constant. We have seen that when f(x) is irreducible over
F that F[x]/(f(x)) is a field. What is it like ? What do the elements look like
? What are the algebraic operations “+" and “.", given a non-zero element
[g(x)] how do we find its inverse ?

Recall (f(x)) = A is an ideal so

[e(x)] = [h(x)] <= g(x) = h(x) € A <= f(x) | g(x) — h(x).

So given g(x) write first g(x) = f(x).q(x) + r(x). If r(x) = 0 then g(x) € A
so g(x) — 0 € Aso [g(x)] = [0]. If deg r(x) < deg f(x) then

g(x) — r(x) = f(x).q(x) € A so [g(x)] = [r(x)]. That is we can find an
element of degree less than deg f(x) representing the same coset as g(x).

If already deg g(x) < deg f(x) then r(x) = g(x) so [g(x)] = [r(x)]. In other
words we can use polynomials of degree less than deg f(x) as representatives of
elements of the field. Conversely if two of these lower degree polynomials have
ri(x) # r(x) then their classes cannot be equal because [ri(x)] = [r2(x)]
implies f(x) | n(x) — r2(x) so deg f(x) < max{deg ri(x),deg r2(x)} < degf(x),
which is false.




Algebraic operations in F[x]/(f(x)): summary

Representatives

Hence, if the degree of f(x) is n > 1, elements of the quotient field look like
[r(x)] where r(x) = ao + - - - 4 as—1x"~* where the a; can be chosen arbitrarily
from F giving in each case a unique element. That's what F[x]/(f(x)) looks
like, namely [r(x)]’s. Later we will see a nice vector space description.

Addition

To add classes we, as usual add representatives:
[n(X)] + [r2(x)] = [n(x) + r2(x)] and the sum on the right is just the
polynomial with the coefficients of ri(x), r2(x) added in F.

Multiplication

| A

To multiply classes we multiply the representatives and then take the remainder
after division by f(x): [ri(x)][r2(x)] = [n(x).r2(x)] = [r1(X)-r2(x) mod £(x)].

Inverse

To get the inverse of a non-zero class represented by r(x) we use the extended
Euclidean algorithm in F[x] to find polynomials h(x), k(x) such that

h(x).r(x) + k(x).f(x) = ged(r(x), f(x)) = 1, and then [h(x)][r(x)] + 0 = [1] so
[A(x) mod f(x)] is the inverse for [r(x)].




Algebraic operations in F[x]/(f(x)): Example

Definitions

Let F=Q, f(x)=x>+2, n(x) =x*+x+1, n(x)=2x>—-3so
Flx]/{f(x)) = Q[x]/(x* + 2). Note that f(x) is irreducible over Z hence Q by
Eisenstein’s criteria with p = 2.

Addition
Easy: [x* + x + 1]+ [2x* + 0x — 3] = [3x* + x — 2]

Multiplication

Harder:
Ihs = [x* + x4+ 1][2x* = 3] = [(x®* +x+1)(2x* = 3)] = [2x* +2x* —x* —3x —3].

But 2x* +2x°> = x* —3x =3 =(2x+2)(x* +2) = x> = Tx - 7

so lhs = [-x* — 7x — 7] which is the product.




Getting the inverse

Inverse

Hardest: Use the Euclidean algorithm in Q[x] (it's the same as in Z) to get

1 1
ged(x*+2,n(x)=1= g(x3 +2)+ (TX> (x* +x+1)

so the inverse of [ri(x)] is [23*]. To check
(C+x+1)(35%)=1/3-x>/3~1/3—(x*+2)/3+2/3 =1 as required.

That GCD

That the GCD is 1 follows from the irreducibility of f(x) in F[x], since if the
GCD was non-trivial, i.e. a polynomial of degree 1 or more, then since it would
also divide ri(x) it would have degree less than that of f(x), so would be a
non-trivial factor of f(x), which unfortunately (or fortunately!) is irreducible.
Its fun to think that once you have the equation

| A

h(x).f(x) + k(x).r(x) =1

you can't have any common root for f(x) and r(x) in any extension field of F!
More later about this phenomena.




Vector spaces and bases

Introduction

Groups, rings and fields are not enough it seems to meet all the needs for
mathematical structures of an algebraic kind. We need vectors of finite and
infinite dimensions, and we need ways to multiply vectors, such as complex
multiplication, quarternionic multiplication, Lie brackets etc These structures
rely on group properties for addition, fields for their “scalars” and rings for their
multiplication (when it is associative). Structures with vector multiplication are
called algebras.

Then we have mappings between and within these structures, giving groups of
isomorphisms and rings of homomorphisms and “endomorphisms”, often
modelled by matrix rings. In this paper we will keep most structures quite
concrete, and not go to this higher level.




Vector Spaces

Definition

A vector space V over a field K has a binary operation “+" giving it an
Abelian group structure, and a binary operation “.” from K x V — V/, called
scalar multiplication, which satisfies, for all @, f € K and x,y € V:

a.(x+y)=ax+ay, (a+8)x=ax+px, a(Bx)=(af)x, 1L.x=x.

Examples

(1) K=R, V =R", the real vector space of dimension n.
(2) K=C, V =C", the complex vector space of dimension n.

(3) K=2Z/5Z, V =7Z/5Z x Z/5Z, a two dimensional vector space over a field
with 5 elements.

(4) K=Q, V =Q[x]/(x° + 3), a vector space of dimension 5 over Q which is
itself a field, so vectors can be multiplied.




Linear independence and bases, dimension

Definitions

A set of vectors {x1,...,xm} in V is called linearly independent if whenever

D oi<i<m@i-Xi =0 we must have a; =0, 1 < i < m. These vectors are then all
non-zero and distinct. No x; can be expressed as a linear combination of the
other x;'s.

A set of vectors {xi,...,xm} in V is said to span V if every element v € V can
be expressed as a sum v = >, .. aj.X;.
A set of vectors {xi,...,xm} in V is said to be a basis for V if it is both

linearly independent and spans V.

A vector subspace of V is a subset W closed under the operations of V/, i.e. if
x,yeW — x+yeWand axec W forall @ € K.

If a vector space has a finite basis, its size is denoted by [V : K] or dimg V' and
called the dimension of the vector space.




(1) R" has a basis {ej : 1 < i < n} where e has the component 1 in the i'th
slot or coordinate, and zero elsewhere. Hence [R" : R] = n.

(2) The set of polynomials of degree at most n over Q has a basis
{1,x,x%,...,x"}.

(3) The set of all polynomials over a field F has infinite dimension and a basis
{1,x,x%,...,x", ...}




Properties of vector spaces

Basis existence theorem

Every vector space has a basis. This is a deep fact and requires the logical
axiom of choice or something equivalent like Zorn's lemma. It is only needed
for infinite dimensional spaces.

Given a finite set of non-zero vectors X = {x1,...,Xxm} in V, the set of all
linear combinations >, ;. c;.x; forms a subspace W of V, and the set of
vectors spans W.

We can replace X by a linearly independent set of vectors: {xi} is linearly
independent. If it spans W we are done. Then consider {xi,x}. If it is linearly
dependent we must have a relation aixi + aaxo = 0 where we must have

az # 0, else this would give a linear dependence equation for {xi}. Solve the
equation for x, to show that the span of {x1} is equal to the span of {x1,x} so
Wwe can remove ;.

Proceed inductively retaining or removing vectors until we are left with a subset
of vectors which is linearly independent and has the same span as X.




Dimension Theorem 29

Let V over K have a basis of size n € N. Then every other basis has this same
size, so n = [V : K].

Proof

Let B = {b1,...,bm} be the given basis and suppose X = {xi,...,x,} is a
linearly independent subset which spans V. Suppose, to get a contradiction
m < n. (If m > n exchange the roles of X and B.)

Since B spans V we can write x1 = B1b1 + ... OBmbm with at least one of the
scalars non-zero, since x1 # 0. Suppose [3; # 0. Rearrange the equation to
express b; as a linear combination of x; and the remaining b;’s. If

By = BU {x1} \ {b;}, then By spans V.




Completion of the Dimension Theorem 29 Proof

Keep going, replacing another b; by x», another by x3 etc, all the while keeping
the same span. Note that there will always be a b; to remove, since at stage
k+1,

Xk+1 = a1x1 + -+ + axxk + a sum of terms (3;b;

and at least one B; must be non-zero, since otherwise xx11 will be a sum of the
other x;'s, and this is impossible, since they are linearly independent.

Having replaced m of the b; there will be none left, and the spanning set will
be Bm = {x1,...,Xm}. Then xmi1 = aaxi + + -+ + &mXm which implies
0=oaix1+ -+ (—1)Xms1 + 0.Xmi2 + - - - + 0., a non-trivial linear dependence
relation among the vectors in X, which is impossible. Hence m = n.[J




