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SECTION A

(Answer FIVE of the SIX questions.)

1. Unless requested otherwise, permutations should be written as products of disjoint cycles.
Consider the following elements ofS7.

α = (13)(4567) β = (1234)(67) γ = (1357)(246)

(a) Computeαβ.

(b) Computeβα.

(c) Computeγ−1.

(d) Compute the conjugateγα.

(e) Computeγ20.

(f) Write α as a product of 2-cycles.

(g) List the elements of{α.β, γ} ∩ A7.

(h) Compute the orders|α|, |β| and|γ|.

(i) List the elements of the cyclic subgroup< β >.

(j) Two of the given permutations are conjugate. Find a permutationπ that conjugates
one onto the other. Check your answer by direct calculation.

2.

(a) State Burnside’s counting theorem.

(b) You are making bracelets by
putting six coloured beads on a
loop of string. There are three
colours available. How many
distinct necklaces can you make?

CONTINUED
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3. (a) List the elements of the groupZ∗

30
of units in the integers modulo30 under multipli-

cation.

(b) State the Fundamental Theorem of Abelian Groups and explain what it tells us about
the groupZ∗

30
.

(c) Identify (fully stating your reasons) which of the possibilities you identified as being
isomorphic toZ∗

30
is correct.

4. (a) For any groupG, define what it means for a subgroupN ≤ G to be normal.

(b) If G is a group withH ≤ G andN E G, defineHN and show that it is a subgroup.

(c) Let K andN be two normal subgroups of a groupG with K ≤ N , and letH ≤ G
be any subgroup. Prove that(KH) ∩ N = K(H ∩ N).

5. (a) State Lagrange’s Theorem for finite groups.

(b) LetG be a finite group. Prove that if|G| is prime, thenG is cyclic.

(c) LetG be a finite group, withH ≤ G. Prove that the normaliserNG(H) is a subgroup
of G, where

NG(H) = {g ∈ G : g−1hg ∈ H ∀h ∈ H}.

6. (a) LetG be a group withN E G.

i. Define the quotient groupG/N . You need not prove it is a group.

ii. Define the natural projectionπ : G −→ G/N and prove it is a homomorphism.

(b) State the Fundamental Theorem of Homomorphisms for groups.

(c) Let H E G andK E G. Prove thatG/(H ∩ K) is isomorphic to a subgroup of
G/H × G/K.

TURN OVER
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SECTION B

(Answer FIVE of the SIX questions.)

7. (a) i. State the subring test.

ii. Hence prove that the set ofS of 2 × 2 matrices with real entries

S = {

(

a −b
b a

)

: a, b ∈ R}

is a subring ofM2(R).

(b) i. When is a ringR said to be anintegral domain?

ii. Give the multiplication table forZ4. Is it an integral domain? Why/why not?

8. (a) State the Division Algorithm for polynomials over a field F.

(b) Hence prove the Remainder Theorem: fora ∈ F andp(x) ∈ F[x], the remainder of
p(x) on division by(x − a) is p(a).

(c) Hence compute the remainder ofx10 + 3x5 + 2x3 + 4x2 + x + 1 ∈ Z7 on division
by x − 1.

(d) Giving reasons, decide whether the polynomialp(x) = 3x3 + 4 ∈ Z5[x] is irre-
ducible.

9. (a) Define what it means forI to be an ideal of the ringR.

(b) If I is an ideal of a ringR with identity1, show thatI = R if 1 ∈ I.

(c) Hence show that a field has no proper non-trivial ideals (that is, its only ideals are
itself and{0}).

(d) LetR be a commutative ring with identity.

i. When is an idealI of R said to beprime?

ii. Show that ifI ⊳ R is prime thenR/I has no zero divisors.

(e) Give an example of an ideal of a commutative ring with identity which is prime but
not maximal (no proof needed).

CONTINUED
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10. Let R andC be the real and complex number fields respectively, and define

f : R[x] → C

by settingf(p(x)) = p(i) ∈ C for all p(x) ∈ R[x] (that is, temporarily viewp(x) ∈ R[x]
as a polynomial inC[x] and evaluatep(i)).

(a) Show thatf is a surjective homomorphism.

(b) Hence deduce the existence of a factor ring of the formR[x]/ < p(x) > which is
isomorphic toC.

(c) Explicitly give a suitablep(x) ∈ R[x] for Part (b) above, and explain your choice.

(d) Why is< p(x) > maximal?

11. Recall that an integral domainD is said to be a Euclidean domain if there is a valuation
functiond : D\{0} → {0, 1, 2, . . .}, satisfying

if a, b ∈ D with b 6= 0, there areq, r ∈ D such that

a = bq + r with r = 0 or d(r) < d(b).

(a) Prove that every Euclidean domain is a PID.

(b) RecallZ[i] is a Euclidean domain if we defined(a + bi) = a2 + b2 for all a, b ∈ Z

(not both zero).

Find q, r ∈ Z[i] such that2 − 3i = 2iq + r, wherer = 0 or d(r) < d(2i).

12. (a) In the quaternionsH, find the inverse ofa = 2 − 2i − j + k, and hence solve
the quaternionic equationax = 20i for the unknown quaternionx, expressing your
answer in standard formx = α + βi + γj + δk.

(b) On any ringR, we can define the operationa ◦ b = a + b + ab.

i. Show that◦ is associative.

ii. Show that the modified distributive law given by

a ◦ (b + c) = (a ◦ b) + (a ◦ c) − a

holds for alla, b, c ∈ R.
(There is a similar law involving(a + b) ◦ c, but do not bother to show this!)


