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SECTION A

(Answer FIVE of the SIX questions.)

1. Unless requested otherwise, permutations should beswiats products of disjoint cycles.
Consider the following elements 6F.

a=(13)(4567) B =(1234)(67)  ~ = (1357)(246)

(a) Computens.

(b) Computesa.

(c) Computey*.

(d) Compute the conjugatg.

(e) Computey?°.

(f) Write « as a product of 2-cycles.

(9) List the elements ofa.3, v} N A7.

(h) Compute the ordefs|, | 3| and|y|.

(i) Listthe elements of the cyclic subgroupg >.

() Two of the given permutations are conjugate. Find a peation = that conjugates
one onto the other. Check your answer by direct calculation.

(a) State Burnside’s counting theorem.

(b) You are making bracelets by
putting six coloured beads on a
loop of string. There are three
colours available. How many
distinct necklaces can you make?

CONTINUED
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(a) Listthe elements of the grodj, of units in the integers moduk®) under multipli-
cation.

(b) State the Fundamental Theorem of Abelian Groups ancexyphat it tells us about
the groupZs,.

(c) ldentify (fully stating your reasons) which of the pdsbties you identified as being
isomorphic toZy, is correct.

(a) For any groug-, define what it means for a subgronp< G to be normal.
(b) If Gisagroup withH < G andN < G, defineH N and show that it is a subgroup.

(c) Let K andN be two normal subgroups of a groapwith K < N, and letH < G
be any subgroup. Prove that H) N N = K(H N N).

(a) State Lagrange’s Theorem for finite groups.
(b) LetG be a finite group. Prove that|if7| is prime, then is cyclic.

(c) LetG be afinite group, wittif < G. Prove that the normalisé¥. (H) is a subgroup
of GG, where
No(H)={9geG:9g'hge HVhe H}.

(a) LetG be agroup withV < G.

i. Define the quotient grou@'/N. You need not prove it is a group.
ii. Define the natural projection : G — G//N and prove it is a homomorphism.

(b) State the Fundamental Theorem of Homomorphisms forggou

(c) Let H <G and K < G. Prove thatG/(H N K) is isomorphic to a subgroup of
G/H x G/K.

TURN OVER
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SECTION B

(Answer FIVE of the SIX questions.)

(@) i. State the subring test.
ii. Hence prove that the set 6fof 2 x 2 matrices with real entries

S:{((Z _ab) . a,beR}

is a subring ofM/5(R).
(b) i. Whenis aringR said to be amntegral domain?
ii. Give the multiplication table foZ,. Is it an integral domain? Why/why not?

(a) State the Division Algorithm for polynomials over a fiéi.

(b) Hence prove the Remainder Theorem:daf IF andp(z) € Fx], the remainder of
p(x) on division by(z — a) is p(a).

(c) Hence compute the remainder:df + 32° + 223 + 422 + x + 1 € Z; on division
by x — 1.

(d) Giving reasons, decide whether the polynomialz) = 3z + 4 € Zs[x] is irre-
ducible.

(a) Define what it means fdrto be an ideal of the ring.

(b) If I is anideal of a ringk with identity 1, show thatl = Rif 1 € I.

(c) Hence show that a field has no proper non-trivial idedlat(is, its only ideals are
itself and{0}).

(d) Let R be a commutative ring with identity.

i. When is an ideal of R said to beprime?
ii. Show thatif/ < R is prime thenR/I has no zero divisors.

(e) Give an example of an ideal of a commutative ring with tdgnvhich is prime but
not maximal (no proof needed).

CONTINUED
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10. LetR andC be the real and complex number fields respectively, and define
f:R[z] = C

by settingf (p(z)) = p(i) € C for all p(z) € Rz] (that is, temporarily view(x) € R|z]
as a polynomial irC[z] and evaluate(7)).

(&) Show thatf is a surjective homomorphism.

(b) Hence deduce the existence of a factor ring of the ffn]/ < p(x) > which is
isomorphic taC.

(c) Explicitly give a suitable(x) € R[z| for Part (b) above, and explain your choice.
(d) Why is< p(z) > maximal?

11. Recall that an integral domaif is said to be a Euclidean domain if there is a valuation
functiond : D\{0} — {0,1,2,...}, satisfying

if a,b € Dwithb # 0, there arey,r € D such that
a=bqg+rwithr=0ord(r) <db).

(a) Prove that every Euclidean domain is a PID.

(b) RecallZ[i] is a Euclidean domain if we definéa + bi) = a® + b forall a,b € Z
(not both zero).
Find g, r € Z][i] such thak — 3i = 2ig + r, wherer = 0 ord(r) < d(21).

12. (a) In the quaternion&l, find the inverse oti = 2 — 2i — j + k, and hence solve
the quaternionic equatian: = 20i for the unknown quaterniomn, expressing your
answer in standard form = « + i + vj + Jk.

(b) On any ringR, we can define the operatiam b = a + b + ab.

i. Show thato is associative.
il. Show that the modified distributive law given by

ao(b+c)=(aob)+ (aoc)—a

holds for alla, b, c € R.
(There is a similar law involvinga + b) o ¢, but do not bother to show this!)



