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LECTURE 28: THE PROJECTION THEOREM

Theorem 57: Let K ©H be a closed convex subset of a hilbert space

H. Then if 1€ H\K, there exists a unique element y, € K with

_ - = _ ;€ X = ‘I.
le, =y Il = infllle, - yll v € £} = d
That is, there exists a point Yo in K closest to Ty

Proof: (1) Existence
There exists a sequence of points (yn) in K with
d = lim [lx, - y |
o0 0 n

2 2 2
Now |y =~y 17 =2lly, -x)I%+ 2y, - =l

o [CRER I CREIN &

by applying the parallelogram law to the pair

Im = %o In T Fp

2 2
Now ly - @, + @, - xo)ll =lly, +y, - 2=,

Wy + 5 - I

2
2 ad® .
Im i Yn
This follows since K is assumed convex = 5 € K for Y Y, € K .
2 2 a 2
thus  ly, -y 17 < 2y, - 2 )+ 2y, - a - 4

the whole expression on the RHS tends to zero as m, n - o,
Thus (yn) is a Cauchy sequence in XK. Since H 1is complete (yn) is convergent -
Y, 7Yy, in H, K 1is closed = Yy € K and

d = ii: HxO - ynH = HxO - yOH since the norm is continuous.
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Uniqueness of : let z_ € K satisfy d = |lx. - 2|l also. Then
—~=dueness of Y, 0 0~ %0

| 2
lyy = 2 17 = 2l = 2l + 2llz, - 2 5= I, -2 + G, - 2l

The last term is just
4 -——Q-é——-q—- - %, 19 < ad since —*0—-2—— € K.

So the entire expression is <

2 2 2 _ -
249 + 8d° - 4d° = 0 = HyO - 20” =0=y,=3,

Hence the point Yo is unique in X.

Let M be a closed subspace of H.
Let M ={y € H:yox Y ax €M}
Then M~ is a closed subspace of H : M* is closed for if (yn) < M™ and

yn*y in H then if x € M

(%) = 0 = (,2) = lin (y ,@) = 0
Yol
= y € M—L
Now H=M®N" since each x, € H 1is given by
Tp = By~ ¥y T
RUL L/
M M

and ¥ Ny" = {0} .

Theorem 58: & €M

0~ Yo
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Proof: Let ¥ €M, a €T = yO +ay €M
2 2
ke, = Cay +y I > lly, - x|

. 2 oy
= - a, - ypy) - aly,z, -y, + lal® yll® =0

Let a=¢€ > 0
e@, - y,y) + cWm, -y < ey’ = e, -y, < 0.
0 0 0 0
Then set a =g, € >0
and obtain
2In, - y,) < elyll’ = 2@, - Yy £ 0.

Replace Yy by -y and use same argument as above:

- 2Re(x0 - yO,y) <0
- 2Im(z, - YY) 0

= @) = Yppy) = 0 = @, ~y, €M

Projection maps:

Given H = M ® M define a projection map

p : H+ M by p(xo) =Y, where x, = (x0~y0)+y0
Theorem 59:

Properties of the projection map p

n p is linear

(2) p 1is idempotent, p2 =p
3 bounded, |lp|l = 1

(4) p is onto M

(5) M= (I - p)#H).
Proofs: Exercise.

Theorem 60: H is isomorphic to H' = (set of bounded linear functions),.
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Proof: l(xO,yO)l < HxOH “90”
Define Féa(x) = (x,yO) €.

F is linear and
Yo

”FyOH S HyOH = Fy, 1is bounded. Let Y, # 0.

Y _ (v _lwol®,
Fyol 0/||y0f!) - { /HyOn’yo] = 0y = gl

By alternate definition of [|F| : ”FQOH ZHyOH = ”FUUH = ”Hg”-

Define ¢ : H > H',0(y,) = E@O; ¢(ax + by) = ap(x) + b (y)

Claim ¢ is an onto map:

Let F € H' we will prove that 3! Y, € H: F(x) = (x,yo)- F =0 is the
trivial case.

F# 0. Let N = kerF= F—Z(O). F is continuous = N is closed, F linear
= N 1is a subspace, F # 0 = [N is a proper subspace.

Let x)€ N* and Yy = ax, be chosen so that

F@)) = (@50, = @pazy) = a llg)? . that is

F(xO)
NS
Let x € H and b = F(x)/F(xO) then F(x - bxo) = F(x) - F(x) F(ma)
Fx,)
0
=0
Thus (:z:,ya) = (x - be,yO) + (be,yO) since y, € Nt
=b(x,,y,) =F(x) . F(x,) = F(x).
0’70 'F——(—x~0—) 0

Therefore ¢ is onto and normpreserving. Hence F and H' are (nearly)

linearly isometric.



