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LECTURE 27: HILBERT SPACES

Let H be a real or complex vector space. Then ( , ) is an inner

product on H X H iff

(1) (z,y) = (y,x)
(i1) (at B y,y) = a(@y,y) + bz ,.y)
(iid) (x,x) 2 0, (x,x) =0 = x=0.
1
Define |zl = (x,x)?. Then this defines a norm on H. H will be called a

Hilbert space if the topology generated by -l is complete.
Theorem 51: [The Cauchy-Schwarz inequality. ]

| @,)] < llzll-llyll for all «, y € A.

Proof: We may assume both x and y are non zero elements for in case one

is zero the result holds trivially.

Let 2z = ax + by then (z2,2) 20 =

(ax + by, ax + by) (ax,ax) + (ax,by) + (by,ax) + (by,by)

aa(z,x) + ab (x,y) + ab(y,x) + bE{y,y) >0 .

Take a = (y,y) and cancelling the positive factor (y,y) in the inequality

we then obtain
W,y) (x,x) + b(x,y) + b(y,x) + bb > 0.

Now choose b = -(z,y) and so b = -(z,y) = -(y,2) and so the inequality
becomes
W,y) @,x) - (y,x) (x,y) - (x,y) y,x) + (x,y) (y,x)
R >0
= W) @) 2 (@) @) = | @] ? .

= | @) ] < Iyl el

Theorem 52: -] is in fact a norm on H.
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proof: (1)  llazl = (ax,am)? = {aa(z,x) )

Ual?@e) ¥ = |al @) = |al lell.

(2) lz + yll < llll + llyl

e + ylI? = (x + yo 4y) = @2 + @.y) + @y) + (4,%)
—
I i
lel® 02

Now 2ZRe(x,y) € 2 |(x,y) | 2Re (x,y)

Now by the Cauchy Schwarz inequality

2l @,y < alwll- lyl
Therefore e + gll% < Izl + 2lzl gl + 191 = el + i
Thus e + yll < el + llyll -

Examples of Hilbert Spaces.

a
(1) ZZ(IR) = {(xi) P € R and EL% < o}
Define (x,y) = Ix.Y.

71
T

Zg(m) same as above but with (x,y) = Zx.g.

777
7
(2) L2[0,1] = set of Lebesque measurable "functions" on [0,1I]. Satisfying
1
2
Jm < w
0
(x,y) = f x(t)y (£)de x : [0,1] ~ T
Theorem 53: ( , ) : H x H > & defines a continuous function.
Proof: We will show lim(xn,yn) = (x,y) for all sequences (xn) > X,
o
@,) >y
|y - @l = ley) - @y + @y) - @

< I(xn,yn) - (x,yn)l + | (¢ @) - (x,y) |

= |, ~zy)l + [ @y, - 9]
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¢ lz, - ly, I+ Nl ly,, - vl
b }

0 <m 0 since Hynﬁ = m for some m.

~

Definition: Let us write xty 1if (x,y) = 0 and if this is so say that

& 1is perpendicular to y.
Theorem 54: Pythagoras' Theorem.

a 2 a
I zy then [+ yI” = ll=l” + ylI” .

Theorem:55: The parallelogram law: Real case.

2 2 2 2
Va,yed o+ yl® +lle-yl” =20zl + 2lyl® .
Proof: Exercise.
Theorem 56: If (B,]l*]]) is a banach space and [|*|| satisfies the

parallelogram law, then the expression

(*) @) = Yl + ylI* - lz - yI%)

defines an inner product space with the same structure such that

1
Y
(xax)z = ”.’L’“ .
Proof: We must verify the properties of an inner product for

expression (%)

W @ = w22l 0% = = =) s 0.

@ et v e+l s -l

= 2llu + ol + 2ll®

2l - o* + 2lul®

also Ju-v 4wl + Ju-v - w)?

Subtracting yields

{he +w + UH2 - lu+w - U”Z} + Jlu - w + UH2

- w - o = 2+ ol? - e - oD
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Now applying the definition of ( , ) we obtain

4(u + w,v) + 4(u - w,w) = §(u,v).

Let U =W

(u + u,v) + (u - u,v) = 2W,v)

0
= (u,v) = 2(u,v) .
Let x,o=u + W, Ly = U - w, Yy =V =

(2,,0) + (@g0y) = 2(u,0) = (Bu,w) = (@ +2p8)
Prove (au,v) = a(u,v) as an exercise.

This completes the proof. There is an identity corresponding to (*) in
the case of a complex banach space but it is much more complicated and will

not be given here.

"One could say that applicatiods constant relation to theory is
the same as that of the leaf to the tree: one supports the other,

but the former feeds the latter."

(Hadamand)



